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Learning objectives

The learning objectives for this section are:

® characterize stability and causality of a system in terms of the

ROC

¢ find all time domain signals with a given transform

® determine if causal, stable inverses exist
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System properties

We can relate system properties to the ROC of a rational transform

H(s) with ROC Ry, Jout &\(Mﬁa oS¢
o If H(s) is causal system then R} goes from the rightmost pole to
00. W S f‘§“”5‘&‘°‘

® |f H(s) is anticausal system then R} goes from —oo to the
leftmost pole. ‘ o ]

® H(s) is stable if and only if R} contains the imaginary axis
— N \ C_ou‘&‘ + S&'C-‘JC
{S — ]w}' 0{@) = oX ?o\cs ace 1 fe (ef—

® H(s) is invertible if there is a G/(s) with ROC R, such that \”"’i‘ﬁt:,_e

H(S)G(sy—;l and Ry, N R, # ()
We can use these properties to find a time domain signal with a given
Laplace transform.

N/
‘

Rutgers Sarwate




ECE 345

Different signals, same transform, different ROCs
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Re{s} - Re{s} : 79%{5}
D

Recall that multiple signals can have the same Laplace transtorm with
different ROCs. For example: 2em ) 3, |

o (s—1) ""’\': 2 1
Y(S)_(s+3)(s+1)_si3 s+ 1 ()

can come from

S

5y (t) = 2 Hu(t) — e tu(t) (2)

(1) = —2eFu(—t) + e tu(—t) (3)

N\ WO s (t) = 2e 0 u(t) + e tu(—t) (4)
‘
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Convolution and the ROCs

The convolution property says that if h(t) & H(s) and x(t) & X (s)
then
y(t) = (h* z)(t) <> Y(s) = H(s) X (s) (5)

where the ROC contains R, NRj,. Suppose we have

L

s — 1 2
X (g) = — 1 6
(s) T 1 ] (6)
|
H — (
(5) = (7
(s— 1)
Y(s) = 3
(5) (s+3)(s+1) (8)
— =
N/
pleflroees T e




ECE 345

Four options?

We have two different z(t) signals with the same X (s) but different
R.. Likewise, we have two different h(t) signals with the same H (s).

h(#) v(?) O(t) — 2etu(t) | 6(t) + 2etu(—t)

cA e tu(t) right-sided (%) | two-sided y3(t)
kY —eStu(—t) | no intersection left-sided o (t)

—

In order for y(t) to exist the intersection R, N Ry cannot be empty.

>
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Example: finding the ROCs

Let's find all the impulse responses which can lead to a transform
p

S+ 9
) = G 1416 1 )
This has a zero at s = —5 and poles at s = —2, s = —06, and s = —4.
Possible ROCs: T T T -
l/{i)‘{e{s} < —6} left-sided, unstable (10)
{6 < Re{s} < —4} two—su: ed, unstable (11)
\./{—4 < Re{s} < -2} two-sided, unstable (12)
/{ﬂ%e{s} > —2} right-sided, stable (13)
o -
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The pole-zero diagram

syelsedy
Re{s} < —6 / \ —6 <Re{s} <-4
f f f Wo , , , \Q
B 5 5 | 5 5 5 o - sizb
2m ol 5 5 2 5 s s
S A B yog —seded
lm L . . lm ] 1 .
% 0= % % " % 0= % % *
e &
—] - —]1 =
-2- . . 2= . . .
: i i i . : : i i i . :
-8 —6 -4 -2 0 2 -8 -6 -4 -2 0 2
Re{s} Re{s}
.y <-£Re{s}_< -2 e ERe_{s} > =2 SY= e
2 UV\t\‘u 2 - \)ja.,(
- - .y o
- | sed
“2’ 0= %* ¥% " % 0= * o *
& =
- 5 -
—2 = —D m

N‘"’ﬂ -8 -6 _4919{5} —2 0 2 —8 —6 —42)%{5} —2 0 2

pleflroees T e
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Split using partial fraction expansion

Using partial fraction expansion:

(s +S4;r(s5+ 6) | s—— :g g (14)

(s +82;L(35+ 6) ls=—a _i g (15)

(s +82;r(35+ N ls=—6 _é - (16)
So / ™/ " =

L
2H(S) - 53482 31444 51486'> (17)

So for each of the corresponding ROCs we have to choose which

inverse (left- or right-sided) time-domain signal to choose.
N/
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Associating the time-domain signals

Re{s} <—6 —6<Re{s} <-4 —4 <Re{s}<-2 Re{s} > —2

m{s}
m{s}

Sm{s}

Sm{s}

—4 -2 -4 -2
Re{s} Re{s}

3 1 1 b 3l
h(t) = —ge_%u(—t) + Ze_4tu(—t) + ge_&u(—t) {Re{s} < —6}
3 1 1
h(t) = —ge_ztu(—t) + Ze_4tu(—t) — ée_&u(t) {—6 < Re{s} < —4}
3 1 1
h(t) = —=—e “u(—t) — —e *u(t) — =e u(t) {—4 < Re{s} < -2}
v TR g ey
h(t) = ge_ztu(t) — 16_4tu(t) — ge_&u(t) {Re{s} > —2}
N -
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Determining inverses

Does the system with the following impulse response have a stable,
causal inverse?

(s +1)(s+ 2)

H(s) = = — 1
(5) = 2 Ri=(Bels} >3} (19
Let's take the algebraic inverse:
/ j / ’?Ff
A (s + 3) 2 1
WO _G(s) = = (19)

(s+1)(s+2) s+1 s+2

This has 3 ROCs: {Re{s} < =2}, {—2 < Re{s} < —1}, and
%e{s} > —1}>The last one is stable and causal, and
BB {Rels) > —a} N {Refs} > —1} ={Re{s} > —1}7 (20)
———————————

— 9

So g(t) = 2e tu(t) — e~*'u(t) is a stable causal inverse.
e T — —
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Sometimes inverses are not realizable

Does the system with the following impulse response have a stable, ;..

causal inverse? —
/ /
H(s) = (s =3) F = {Re{s} > —m (21)
s+ 1)(s+2) "
Taking the algebraic inverse: \onoy .Ul e
Oty fead
g s+ 1)(s+2 s“ + 35 + 2 16
(5) (s — 3) s—3 ls—l_ s —3 (22)
This has 2 ROCs: {Re{s} < 3}, {Re{s} > 3}. We have two choices:
5 _ .
{—1 < Re{s} < 3} ; stable, two-sided
{Re{s} > 3} unstable, right-sided

Cr— r—

W77 So the answer is no.
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Try it yourself

Find all time domain signals with the following Laplace transforms and
determine if the systems are causal/anticausal or stable/unstable:

s—3
H(s) = 23
)= T 5s 16 (23)
s — 1
H(s) = 24
) = S T s 7 12 (24)
s+ 06
H(s) = 25
)= 52— 13 (25)
S -+ 2
H(s) = 26
(5) s3 +3s2—5—3 (20)
Determine if there are causal, stable inverses for each of them.
N\
'




