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Learning objectives

The learning objectives for this section are:

• understand how to model a physical system as an LTI system

• apply feedback control to stabilize a real-world system
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The inverted pendulum

<latexit sha1_base64="d/N1SVbfi28g0WM1dAoegmtX6BE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFahXkoiih6LXjxWsB/QhrLZbNqlm82yuyktoX/Bo3oRr/4hD/4bk7QHbX0w8Hhvhpl5nuRMG9v+tgpr6xubW8Xt0s7u3v5B+fCopaNYEdokEY9Ux8OaciZo0zDDaUcqikOP07Y3us/89pgqzSLxZKaSuiEeCBYwgk0mTarmol+u2DU7B1olzoJU6meQo9Evf/X8iMQhFYZwrHXXsaVxE6wMI5zOSr1YU4nJCA9o1x8zqQUOqXaTSX7uDJ2nvo+CSKUlDMrV30MJDrWehl7aGWIz1MteJv7ndWMT3LoJEzI2VJD5oiDmyEQo+x35TFFi+DQlmCiWnovIECtMTJpQKc3BWf56lbQua851zX68qtTv5oFAEU7gFKrgwA3U4QEa0AQCQ3iGV3izpPVivVsf89aCtZg5hj+wPn8ATHSPqg==</latexit>

x(t)

<latexit sha1_base64="wZAybjKYVTyoZq9M254Lkgz5JYo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVbBU9kVRY9FLx5bsB/QLiWbzbahSXZJssWy9Bd4VC/i1Z/kwX9juu1BWx8MPN6bYWZekHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3c/89pgqzWL5aCYJ9QUeSBYxgo2VGqJfrrhVNwdaJd6CVGpnkKPeL3/1wpikgkpDONa667mJ8TOsDCOcTku9VNMEkxEe0G44ZomWWFDtZ0/5rVN0bv0QRbGyJQ3K1d9DGRZaT0RgOwU2Q73szcT/vG5qols/YzJJDZVkvihKOTIxmj2OQqYoMXxiCSaK2XMRGWKFibHxlGwO3vLXq6R1WfWuq27jqlK7mwcCRTiBU7gAD26gBg9QhyYQoPAMr/DmCOfFeXc+5q0FZzFzDH/gfP4Anb+OvA==</latexit>

m

<latexit sha1_base64="HhtqWOPkxb5oOryQrTLVV2k9hiM=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhSswp0oWgZtLCwSMB+QHGFvby9Zsrt37O4Fw5FfYKk2YutPsvDfuLmk0MQHA4/3ZpiZFyScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6wppxJ2jDMcNpOFMUi4LQVDO+mfmtElWaxfDTjhPoC9yWLGMHGSvWHXqnsVtwcaJl4c1KunkKOWq/01Q1jkgoqDeFY647nJsbPsDKMcDopdlNNE0yGuE874YglWmJBtZ895bdO0Jn1QxTFypY0KFd/D2VYaD0Wge0U2Az0ojcV//M6qYlu/IzJJDVUktmiKOXIxGj6OAqZosTwsSWYKGbPRWSAFSbGxlO0OXiLXy+T5kXFu6q49cty9XYWCBTgGE7gHDy4hircQw0aQIDCM7zCmyOcF+fd+Zi1rjjzmSP4A+fzB2tYjps=</latexit>

L

<latexit sha1_base64="kRvjVA2xa1CIZA5ZWKd4qwnOdgM=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRjTBC2mNRo9ELx4xkQ8DDdkuW9iw2za7UyJp+BUe1Yvx6s/x4L+xFA4KvmSSl/dmMjPPi6QwaNvfVm5ldW19I79Z2Nre2d0r7h80TBhrxusslKFuedRwKQJeR4GStyLNqfIkb3rD26nfHHFtRBg84DjirqL9QPiCUUylxw4OONIynnWLJbtiZyDLxJmTUvUEMtS6xa9OL2Sx4gEySY1pO3aEbkI1Cib5pNCJDY8oG9I+b/dGIjIBVdy4yVN284Scpn6P+KFOK0CSqb+HEqqMGSsv7VQUB2bRm4r/ee0Y/Ws3EUEUIw/YbJEfS4IhmQZAekJzhnKcEsq0SM8lbEA1ZZjGVEhzcBa/XiaN84pzWbHvL0rVm1kgkIcjOIYyOHAFVbiDGtSBgYJneIU3K7ZerHfrY9aas+Yzh/AH1ucPFjuR1g==</latexit>

✓(t)

The inverted pendulum is a commonly-studied example for feedback

control: a mass is balanced on a rod connected to a cart. We want to

move the cart back and forth to keep the mass m vertical.

Rutgers Sarwate
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The physical set up

<latexit sha1_base64="d/N1SVbfi28g0WM1dAoegmtX6BE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFahXkoiih6LXjxWsB/QhrLZbNqlm82yuyktoX/Bo3oRr/4hD/4bk7QHbX0w8Hhvhpl5nuRMG9v+tgpr6xubW8Xt0s7u3v5B+fCopaNYEdokEY9Ux8OaciZo0zDDaUcqikOP07Y3us/89pgqzSLxZKaSuiEeCBYwgk0mTarmol+u2DU7B1olzoJU6meQo9Evf/X8iMQhFYZwrHXXsaVxE6wMI5zOSr1YU4nJCA9o1x8zqQUOqXaTSX7uDJ2nvo+CSKUlDMrV30MJDrWehl7aGWIz1MteJv7ndWMT3LoJEzI2VJD5oiDmyEQo+x35TFFi+DQlmCiWnovIECtMTJpQKc3BWf56lbQua851zX68qtTv5oFAEU7gFKrgwA3U4QEa0AQCQ3iGV3izpPVivVsf89aCtZg5hj+wPn8ATHSPqg==</latexit>

x(t)

<latexit sha1_base64="wZAybjKYVTyoZq9M254Lkgz5JYo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVbBU9kVRY9FLx5bsB/QLiWbzbahSXZJssWy9Bd4VC/i1Z/kwX9juu1BWx8MPN6bYWZekHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3c/89pgqzWL5aCYJ9QUeSBYxgo2VGqJfrrhVNwdaJd6CVGpnkKPeL3/1wpikgkpDONa667mJ8TOsDCOcTku9VNMEkxEe0G44ZomWWFDtZ0/5rVN0bv0QRbGyJQ3K1d9DGRZaT0RgOwU2Q73szcT/vG5qols/YzJJDZVkvihKOTIxmj2OQqYoMXxiCSaK2XMRGWKFibHxlGwO3vLXq6R1WfWuq27jqlK7mwcCRTiBU7gAD26gBg9QhyYQoPAMr/DmCOfFeXc+5q0FZzFzDH/gfP4Anb+OvA==</latexit>

m

<latexit sha1_base64="HhtqWOPkxb5oOryQrTLVV2k9hiM=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhSswp0oWgZtLCwSMB+QHGFvby9Zsrt37O4Fw5FfYKk2YutPsvDfuLmk0MQHA4/3ZpiZFyScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6wppxJ2jDMcNpOFMUi4LQVDO+mfmtElWaxfDTjhPoC9yWLGMHGSvWHXqnsVtwcaJl4c1KunkKOWq/01Q1jkgoqDeFY647nJsbPsDKMcDopdlNNE0yGuE874YglWmJBtZ895bdO0Jn1QxTFypY0KFd/D2VYaD0Wge0U2Az0ojcV//M6qYlu/IzJJDVUktmiKOXIxGj6OAqZosTwsSWYKGbPRWSAFSbGxlO0OXiLXy+T5kXFu6q49cty9XYWCBTgGE7gHDy4hircQw0aQIDCM7zCmyOcF+fd+Zi1rjjzmSP4A+fzB2tYjps=</latexit>

L

<latexit sha1_base64="kRvjVA2xa1CIZA5ZWKd4qwnOdgM=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRjTBC2mNRo9ELx4xkQ8DDdkuW9iw2za7UyJp+BUe1Yvx6s/x4L+xFA4KvmSSl/dmMjPPi6QwaNvfVm5ldW19I79Z2Nre2d0r7h80TBhrxusslKFuedRwKQJeR4GStyLNqfIkb3rD26nfHHFtRBg84DjirqL9QPiCUUylxw4OONIynnWLJbtiZyDLxJmTUvUEMtS6xa9OL2Sx4gEySY1pO3aEbkI1Cib5pNCJDY8oG9I+b/dGIjIBVdy4yVN284Scpn6P+KFOK0CSqb+HEqqMGSsv7VQUB2bRm4r/ee0Y/Ws3EUEUIw/YbJEfS4IhmQZAekJzhnKcEsq0SM8lbEA1ZZjGVEhzcBa/XiaN84pzWbHvL0rVm1kgkIcjOIYyOHAFVbiDGtSBgYJneIU3K7ZerHfrY9aas+Yzh/AH1ucPFjuR1g==</latexit>

✓(t)

We’ll simplify the model to assume the cart and rod are massless and

the connector between the rod and cart is frictionless.

• x(t) is the position of cart

• ✓(t) is the angular displacement of the rod

• L is the length of the rod (important for torque)

Rutgers Sarwate
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Balancing torques

We have look at the di↵erent torques acting on the mass m.

• m(L sin(✓(t)))g is due to gravity on the mass, where g = 9.8 m
sec2 .

• �m(L cos(✓(t))) d2

dt2 x(t) from the cart being displaced by x(t).

• mL
2 d2

dt2 ✓(t) is from angular acceleration (moment of inertia mL
2
).

We have to set the angular acceleration torque equal to the sum of the

two torques:

mL
2 d

2

dt2
✓(t) = m(L sin(✓(t)))g � m(L cos(✓(t)))

d
2

dt2
x(t) (1)

This is not an LCCDE.

Rutgers Sarwate
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Approximation for small displacements

<latexit sha1_base64="d/N1SVbfi28g0WM1dAoegmtX6BE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFahXkoiih6LXjxWsB/QhrLZbNqlm82yuyktoX/Bo3oRr/4hD/4bk7QHbX0w8Hhvhpl5nuRMG9v+tgpr6xubW8Xt0s7u3v5B+fCopaNYEdokEY9Ux8OaciZo0zDDaUcqikOP07Y3us/89pgqzSLxZKaSuiEeCBYwgk0mTarmol+u2DU7B1olzoJU6meQo9Evf/X8iMQhFYZwrHXXsaVxE6wMI5zOSr1YU4nJCA9o1x8zqQUOqXaTSX7uDJ2nvo+CSKUlDMrV30MJDrWehl7aGWIz1MteJv7ndWMT3LoJEzI2VJD5oiDmyEQo+x35TFFi+DQlmCiWnovIECtMTJpQKc3BWf56lbQua851zX68qtTv5oFAEU7gFKrgwA3U4QEa0AQCQ3iGV3izpPVivVsf89aCtZg5hj+wPn8ATHSPqg==</latexit>

x(t)

<latexit sha1_base64="wZAybjKYVTyoZq9M254Lkgz5JYo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVbBU9kVRY9FLx5bsB/QLiWbzbahSXZJssWy9Bd4VC/i1Z/kwX9juu1BWx8MPN6bYWZekHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3c/89pgqzWL5aCYJ9QUeSBYxgo2VGqJfrrhVNwdaJd6CVGpnkKPeL3/1wpikgkpDONa667mJ8TOsDCOcTku9VNMEkxEe0G44ZomWWFDtZ0/5rVN0bv0QRbGyJQ3K1d9DGRZaT0RgOwU2Q73szcT/vG5qols/YzJJDZVkvihKOTIxmj2OQqYoMXxiCSaK2XMRGWKFibHxlGwO3vLXq6R1WfWuq27jqlK7mwcCRTiBU7gAD26gBg9QhyYQoPAMr/DmCOfFeXc+5q0FZzFzDH/gfP4Anb+OvA==</latexit>

m

<latexit sha1_base64="HhtqWOPkxb5oOryQrTLVV2k9hiM=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhSswp0oWgZtLCwSMB+QHGFvby9Zsrt37O4Fw5FfYKk2YutPsvDfuLmk0MQHA4/3ZpiZFyScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6wppxJ2jDMcNpOFMUi4LQVDO+mfmtElWaxfDTjhPoC9yWLGMHGSvWHXqnsVtwcaJl4c1KunkKOWq/01Q1jkgoqDeFY647nJsbPsDKMcDopdlNNE0yGuE874YglWmJBtZ895bdO0Jn1QxTFypY0KFd/D2VYaD0Wge0U2Az0ojcV//M6qYlu/IzJJDVUktmiKOXIxGj6OAqZosTwsSWYKGbPRWSAFSbGxlO0OXiLXy+T5kXFu6q49cty9XYWCBTgGE7gHDy4hircQw0aQIDCM7zCmyOcF+fd+Zi1rjjzmSP4A+fzB2tYjps=</latexit>

L

<latexit sha1_base64="kRvjVA2xa1CIZA5ZWKd4qwnOdgM=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRjTBC2mNRo9ELx4xkQ8DDdkuW9iw2za7UyJp+BUe1Yvx6s/x4L+xFA4KvmSSl/dmMjPPi6QwaNvfVm5ldW19I79Z2Nre2d0r7h80TBhrxusslKFuedRwKQJeR4GStyLNqfIkb3rD26nfHHFtRBg84DjirqL9QPiCUUylxw4OONIynnWLJbtiZyDLxJmTUvUEMtS6xa9OL2Sx4gEySY1pO3aEbkI1Cib5pNCJDY8oG9I+b/dGIjIBVdy4yVN284Scpn6P+KFOK0CSqb+HEqqMGSsv7VQUB2bRm4r/ee0Y/Ws3EUEUIw/YbJEfS4IhmQZAekJzhnKcEsq0SM8lbEA1ZZjGVEhzcBa/XiaN84pzWbHvL0rVm1kgkIcjOIYyOHAFVbiDGtSBgYJneIU3K7ZerHfrY9aas+Yzh/AH1ucPFjuR1g==</latexit>

✓(t)

If ✓ is too big we have no hope of stabilizing the system, so let’s

assume ✓(t) ⌧ 1 remains small. In that case we can use a Taylor series

to approximate the sine and cosine:

sin(✓(t)) = ✓(t) � ✓(t)3

3!
+ · · · ⇡ ✓(t) (2)

cos(✓(t)) = 1 � ✓(t)2

2!
+ · · · ⇡ 1 (3)

Rutgers Sarwate
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Linearizing the di↵erential equation

So this simplifies our di↵erential equation to an LCCDE:

mL
2 d

2

dt2
✓(t) = m(L sin(✓(t)))g � m(L cos(✓(t)))

d
2

dt2
x(t) (4)

mL
2 d

2

dt2
✓(t) = mLg✓(t) � mL

d
2

dt2
x(t). (5)

Now we can divide by mL
2
:

d
2

dt2
✓(t) =

g

L
✓(t) � 1

L

d
2

dt2
x(t). (6)

Taking Laplace transforms:

G(s) =
⇥(s)

X(s)
= � s

2
/L

s2 � g/L
. (7)

Rutgers Sarwate
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Pole-zero analysis

The transfer function is

G(s) = � s
2
/L

s2 � g/L
= � s

2

Ls2 � g
. (8)

Poles are at ±
p

g/L. Since this physical system is causal, the ROC is

Re{s} >

p
g/L which does not contain the imaginary axis so the

system is unstable.

• We can compute the output of the system to di↵erent signals x(t)
and see that the system output will blow up.

• Suppose we have a sensor that can measure ✓(t). Can we use

feedback to stabilize this system?

Rutgers Sarwate
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PI control

–
X(s)

G(s)

F (s)

Y (s)

The plant is G(s) = � s2/L
s2�g/L . Using closed-loop feedback control we

can try to stabilize the system. Let’s try proportional-integral (PI)

control:

F (s) = Kp = Ki
1

s
(9)

Then we have for the closed-loop system

H(s) =
G(s)

1 + F (s)G(s)
=

� s2

Ls2�g

1 � (Kp + Ki/s) s2

Ls2�g

(10)

Rutgers Sarwate
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Finding the feedback system

The closed-loop system is

H(s) =
� s2

Ls2�g

1 � (Kp + Ki/s) s2

Ls2�g

(11)

=
�s

2

(L � Kp)s2 � Kis � g
(12)

We have two zeros at 0 and two poles: with two parameters to control

the system we can move the poles to many di↵erent locations. To get

a stable system, let’s first set Kp = L + ↵, so

H(s) =
s
2

↵s2 + Kis + g
(13)

Now we can find the pole locations and move them around.

Rutgers Sarwate
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Pole locations: root locus

Starting with

H(s) =
s
2

↵s2 + Kis + g
(14)

we have poles at

s =
K

2
i ±

q
K

2
i � 4↵g

2↵
. (15)

We can see where these move numerically. We can consider the

“critically damped” case where the poles are the same, in which case

we have K
2
i = 4↵g. For example, if ↵ = 0.5 then we can set

Ki =
p

2g.

Rutgers Sarwate
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Recap

<latexit sha1_base64="d/N1SVbfi28g0WM1dAoegmtX6BE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFahXkoiih6LXjxWsB/QhrLZbNqlm82yuyktoX/Bo3oRr/4hD/4bk7QHbX0w8Hhvhpl5nuRMG9v+tgpr6xubW8Xt0s7u3v5B+fCopaNYEdokEY9Ux8OaciZo0zDDaUcqikOP07Y3us/89pgqzSLxZKaSuiEeCBYwgk0mTarmol+u2DU7B1olzoJU6meQo9Evf/X8iMQhFYZwrHXXsaVxE6wMI5zOSr1YU4nJCA9o1x8zqQUOqXaTSX7uDJ2nvo+CSKUlDMrV30MJDrWehl7aGWIz1MteJv7ndWMT3LoJEzI2VJD5oiDmyEQo+x35TFFi+DQlmCiWnovIECtMTJpQKc3BWf56lbQua851zX68qtTv5oFAEU7gFKrgwA3U4QEa0AQCQ3iGV3izpPVivVsf89aCtZg5hj+wPn8ATHSPqg==</latexit>

x(t)

<latexit sha1_base64="wZAybjKYVTyoZq9M254Lkgz5JYo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVbBU9kVRY9FLx5bsB/QLiWbzbahSXZJssWy9Bd4VC/i1Z/kwX9juu1BWx8MPN6bYWZekHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3c/89pgqzWL5aCYJ9QUeSBYxgo2VGqJfrrhVNwdaJd6CVGpnkKPeL3/1wpikgkpDONa667mJ8TOsDCOcTku9VNMEkxEe0G44ZomWWFDtZ0/5rVN0bv0QRbGyJQ3K1d9DGRZaT0RgOwU2Q73szcT/vG5qols/YzJJDZVkvihKOTIxmj2OQqYoMXxiCSaK2XMRGWKFibHxlGwO3vLXq6R1WfWuq27jqlK7mwcCRTiBU7gAD26gBg9QhyYQoPAMr/DmCOfFeXc+5q0FZzFzDH/gfP4Anb+OvA==</latexit>

m

<latexit sha1_base64="HhtqWOPkxb5oOryQrTLVV2k9hiM=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhSswp0oWgZtLCwSMB+QHGFvby9Zsrt37O4Fw5FfYKk2YutPsvDfuLmk0MQHA4/3ZpiZFyScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6wppxJ2jDMcNpOFMUi4LQVDO+mfmtElWaxfDTjhPoC9yWLGMHGSvWHXqnsVtwcaJl4c1KunkKOWq/01Q1jkgoqDeFY647nJsbPsDKMcDopdlNNE0yGuE874YglWmJBtZ895bdO0Jn1QxTFypY0KFd/D2VYaD0Wge0U2Az0ojcV//M6qYlu/IzJJDVUktmiKOXIxGj6OAqZosTwsSWYKGbPRWSAFSbGxlO0OXiLXy+T5kXFu6q49cty9XYWCBTgGE7gHDy4hircQw0aQIDCM7zCmyOcF+fd+Zi1rjjzmSP4A+fzB2tYjps=</latexit>

L

<latexit sha1_base64="kRvjVA2xa1CIZA5ZWKd4qwnOdgM=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRjTBC2mNRo9ELx4xkQ8DDdkuW9iw2za7UyJp+BUe1Yvx6s/x4L+xFA4KvmSSl/dmMjPPi6QwaNvfVm5ldW19I79Z2Nre2d0r7h80TBhrxusslKFuedRwKQJeR4GStyLNqfIkb3rD26nfHHFtRBg84DjirqL9QPiCUUylxw4OONIynnWLJbtiZyDLxJmTUvUEMtS6xa9OL2Sx4gEySY1pO3aEbkI1Cib5pNCJDY8oG9I+b/dGIjIBVdy4yVN284Scpn6P+KFOK0CSqb+HEqqMGSsv7VQUB2bRm4r/ee0Y/Ws3EUEUIw/YbJEfS4IhmQZAekJzhnKcEsq0SM8lbEA1ZZjGVEhzcBa/XiaN84pzWbHvL0rVm1kgkIcjOIYyOHAFVbiDGtSBgYJneIU3K7ZerHfrY9aas+Yzh/AH1ucPFjuR1g==</latexit>

✓(t)

We started with a simplified physical system that we wanted to

analyze.

• Use the physics to write down a di↵erential equation describing

the relationship between signals.

• Linearize the model by making appropriate assumptions about

parameters/signal values.

• Generate the Laplace transform for the open-loop system.

• Close the loop by applying feedback control.

• Find parameters that can stabilize the closed-loop system.

Rutgers Sarwate
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More questions

We can write down a lot of di↵erent physical systems using RLC

circuits or spring-mass-damper mechanical systems. These will lead to

Laplace transforms that we can then analyze and apply feedback for

stabilization.

Problem

Try proportional (P) and proportional-derivative (PD) control on the
inverted pendulum and convince yourself that these policies cannot
stabilize the system.
Try a PID control system and see how this might change how you can
move the poles and zeros around. Does the added derivative control
help that much?

Rutgers Sarwate


