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Learning objectives

The learning objectives for this section are:

® understand properties of the Laplace transform

® use transform properties to find Laplace transforms
We will use

(1)< X(s)  or  Lix)} = X(s) (1)

and label the ROC R.
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The Laplace transform is linear

£i$(t)§ =X (s) = /OO z(t)e Sdt (2)

We already saw that the Laplace transform is linear. If

r1(t) & X (s) 2a(t) < Xo(s) (3)

ISR 1
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T e——

with ROCs R and Ro, then for scalars a; and ao,

‘___——

L
a121(t) + asxa(t) <= a1 X1(s) + asXa(s). (4)
""" - ‘ /= —
The ROC contains R1 N'Rs.
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Time shift

What if we delay x(t) by tg? / it

x(t — tp) N r(t —tg)e *tdt = / Cx(r)e2Tt)dr  (5)

Ae\ws“’ﬁ - :/6_St°X(s) | (6)

L
0(t) <=1 7
(t) s e, (7)
Which means A Sy e s
\ '{"'? Ywe
5(t — tg) < e 510, (8)

In words: a system that delays by to has a Laplace transform e~ 5%
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Example

Find the Laplace transform of / a j M‘”)
x(t) = 3cos(dmt)u(t) + e >u(t — 3) (9)

g —
We can use linearity and time shifts:

v(t) = 3L{cos(4nt)u(t)) £{ —9,=3(t=3) (t—S)} (10)

-/ —_ — — ~
B 3 / | —92—38 — Q:- St t, =% (11)
- 2 4 4 2 + 3 ) —
( 7T) S’\/x/ A —-6‘( 0(63
The ROC is {s 9%{3} >0t N{s:Re{s} > 3} s :Re{s} > 0}.
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s-domain shift

What about a shift in s instead of a shift in time? Using the same type
of argument as, time shifts, we get

e%0x(t) é X(s— sp) (12)

S—

Now the ROC shifts by Re{sg}: if so > 0 it shifts to the right, and if
so < 0 it shifts to the left.
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Example
ety
™D
Find the Laplace transform of / M 5, —F
z(t) = e~ sin(wot)u(t). (13)
We have
L W0 Z
sin(wot )u(t) <= ———. (14)
—~—————— ST+ Wy )
—~—~—— YY’US}{/ Flil e
So Xls) Wy
—at - L W0 15
e~ " sin(wot)u(t) <> s EaR 1w et o8 (7 )
Ve 5{&5 ,
with ROC {Re{s} > —a} (shifted to the left by a).
N
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Time dilation/compression

If we look at x(at), we can plug into the transform to get

) & / / L P @mar (16)
X

oo |0
= m (a) (17)
The ROC is: 4
R(x(at)) =4{s:s/a € R}. (18)

If |a] < 1 we are slowing down x(t) and the ROC shrinks by a factor of

#

a and if |a| > 1 we are speeding up x(t) and the ROC expands by a

factor of a.
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Conjugation

If 2(t) <5 X(s) then

o () & = / h :z:”:?t)e_“dt - ( /_ N x(t)es*t)*z (19)

~— — OO

—

— X*(s). % (") (20)

Why is this useful? If x(¢) is real, then x(t) = 2*(t) and

P - —

X(s) = X*(s*). That means if X(s) has a pole or zero at s = s,

then it also has one at s = s,

S ——————

We say that for real signals, the poles and zeros appear in conjugate

pairs. -
_'}_—-Q
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Try it yourself

Try finding the following Laplace transforms using the properties:

x(t) = 6(t —2) — 3e °tu(t) (21)
x(t) = e tu(t) + e * cos(6t)u(t) (22)
x(t) = e 2t (23)
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