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Learning objectives

The learning objective for this section is:

• apply properties of the convolution formula
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Many cheerful facts about the convolution

We write y[n] = (x ⇤ h)[n] or y = x ⇤ h for

y[n] =
1X

k=�1
x[k]h[n � k]

The convolution has some nice properties:

• Commutative: (x ⇤ h) = (h ⇤ x)

y[n] =
1X

k=�1
h[k]x[n � k]

• Associative: (x ⇤ h) ⇤ g = x ⇤ (h ⇤ g).

• Distributive: x ⇤ (g + h) = (x ⇤ g) + (x ⇤ h).
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Commutativity: (x ⇤ h) = (h ⇤ x)

1 Start with the definition:

(h ⇤ x)[n] =
1X

k=�1
h[k]x[n � k]

2 Set m = n � k so k = n � m. For any fixed n, as k = �1 to
+1, m goes from +1 to �1:

(h ⇤ x)[n] =
1X

m=�1
h[n � m]x[m]

=
1X

m=�1
x[m]h[n � m]

= (x ⇤ h)[n]
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Why is commutativity useful?

(h1 ⇤ h2)[n]
x[n] y[n]x[n] y[n]

h[n]

(h1 ⇤ h2)[n]
y[n]y[n]h[n]

x[n]

• Sometimes the calculation is easier one way than another.

• Can also think of h[n] as a signal: lets us manipulate block
diagrams.
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Why is associativity useful?

(h1 ⇤ h2)[n]
x[n] y[n]

x[n] y[n]
h1[n] h2[n]

• Merge/split cascades of systems

• With commutativity, swap the order of systems
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Why is distributivity useful?

g[n]
<latexit sha1_base64="T+gHzGq6HPvjVrLHHNayUVzvsmQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeiF48V7AekoWw2m3bpZrPsbool9C94VC/i1T/kwX9jkvagrQ8GHu/NMDPPl5xpY9vfVmltfWNzq7xd2dnd2z+oHh51dJwoQtsk5rHq+VhTzgRtG2Y47UlFceRz2vXHd7nfnVClWSwezVRSL8JDwUJGsMmloSu8QbVm1+0CaJU4C1JrnkGB1qD61Q9ikkRUGMKx1q5jS+OlWBlGOJ1V+ommEpMxHlI3mDCpBY6o9tKn4twZOs/8AIWxykoYVKi/h1IcaT2N/Kwzwmakl71c/M9zExPeeCkTMjFUkPmiMOHIxCj/HQVMUWL4NCOYKJadi8gIK0xMllAly8FZ/nqVdBp157LeeLiqNW/ngUAZTuAULsCBa2jCPbSgDQRG8Ayv8GZJ68V6tz7mrSVrMXMMf2B9/gDGzY/6</latexit>

x[n]
<latexit sha1_base64="/YAOBsZQBnum5ybKwKft9+iZnwI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGC/YA0lM1m0y7dbJbdTWkJ/Qse1Yt49Q958N+YpD1o64OBx3szzMzzJWfa2Pa3tba+sbm1Xdop7+7tHxxWjo7bOk4UoS0S81h1fawpZ4K2DDOcdqWiOPI57fij+9zvjKnSLBZPZiqpF+GBYCEj2OTSxBVev1K1a3YBtEqcBak2zqFAs1/56gUxSSIqDOFYa9expfFSrAwjnM7KvURTickID6gbjJnUAkdUe+mkOHeGLjI/QGGsshIGFervoRRHWk8jP+uMsBnqZS8X//PcxIS3XsqETAwVZL4oTDgyMcp/RwFTlBg+zQgmimXnIjLEChOTJVTOcnCWv14l7XrNuarVH6+rjbt5IFCCUziDS3DgBhrwAE1oAYEhPMMrvFnSerHerY9565q1mDmBP7A+fwDg95AL</latexit>

h[n]
<latexit sha1_base64="1Drjrr7p7SWyPS2FwhG309qWTDI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeiF48V7AekoWw2m2bpZrPsbool9C94VC/i1T/kwX9j0vagrQ8GHu/NMDPPl5xpY9vfVmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4Ynq+VhTzgRtG2Y47UlFcexz2vVHd4XfHVOlWSIezURSL8ZDwUJGsCmkyBXeoFqz6/YMaJU4C1JrnsEMrUH1qx8kJI2pMIRjrV3HlsbLsDKMcDqt9FNNJSYjPKRuMGZSCxxT7WVPs3On6Dz3AxQmKi9h0Ez9PZThWOtJ7OedMTaRXvYK8T/PTU1442VMyNRQQeaLwpQjk6DidxQwRYnhk5xgolh+LiIRVpiYPKFKnoOz/PUq6TTqzmW98XBVa97OA4EynMApXIAD19CEe2hBGwhE8Ayv8GZJ68V6tz7mrSVrMXMMf2B9/gDIV4/7</latexit>

x[n]
<latexit sha1_base64="/YAOBsZQBnum5ybKwKft9+iZnwI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGC/YA0lM1m0y7dbJbdTWkJ/Qse1Yt49Q958N+YpD1o64OBx3szzMzzJWfa2Pa3tba+sbm1Xdop7+7tHxxWjo7bOk4UoS0S81h1fawpZ4K2DDOcdqWiOPI57fij+9zvjKnSLBZPZiqpF+GBYCEj2OTSxBVev1K1a3YBtEqcBak2zqFAs1/56gUxSSIqDOFYa9expfFSrAwjnM7KvURTickID6gbjJnUAkdUe+mkOHeGLjI/QGGsshIGFervoRRHWk8jP+uMsBnqZS8X//PcxIS3XsqETAwVZL4oTDgyMcp/RwFTlBg+zQgmimXnIjLEChOTJVTOcnCWv14l7XrNuarVH6+rjbt5IFCCUziDS3DgBhrwAE1oAYEhPMMrvFnSerHerY9565q1mDmBP7A+fwDg95AL</latexit>

y[n]
<latexit sha1_base64="58e58yNWYRySFPBt0zoyi9M7gD0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeiF48V7AekoWw2m3bpZrPsbooh9C94VC/i1T/kwX9j0vagrQ8GHu/NMDPPl5xpY9vfVmltfWNzq7xd2dnd2z+oHh51dJwoQtsk5rHq+VhTzgRtG2Y47UlFceRz2vXHd4XfnVClWSweTSqpF+GhYCEj2BRS6gpvUK3ZdXsGtEqcBak1z2CG1qD61Q9ikkRUGMKx1q5jS+NlWBlGOJ1W+ommEpMxHlI3mDCpBY6o9rKn2blTdJ77AQpjlZcwaKb+HspwpHUa+XlnhM1IL3uF+J/nJia88TImZGKoIPNFYcKRiVHxOwqYosTwNCeYKJafi8gIK0xMnlAlz8FZ/nqVdBp157LeeLiqNW/ngUAZTuAULsCBa2jCPbSgDQRG8Ayv8GZJ68V6tz7mrSVrMXMMf2B9/gDigZAM</latexit>

x[n]
<latexit sha1_base64="/YAOBsZQBnum5ybKwKft9+iZnwI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGC/YA0lM1m0y7dbJbdTWkJ/Qse1Yt49Q958N+YpD1o64OBx3szzMzzJWfa2Pa3tba+sbm1Xdop7+7tHxxWjo7bOk4UoS0S81h1fawpZ4K2DDOcdqWiOPI57fij+9zvjKnSLBZPZiqpF+GBYCEj2OTSxBVev1K1a3YBtEqcBak2zqFAs1/56gUxSSIqDOFYa9expfFSrAwjnM7KvURTickID6gbjJnUAkdUe+mkOHeGLjI/QGGsshIGFervoRRHWk8jP+uMsBnqZS8X//PcxIS3XsqETAwVZL4oTDgyMcp/RwFTlBg+zQgmimXnIjLEChOTJVTOcnCWv14l7XrNuarVH6+rjbt5IFCCUziDS3DgBhrwAE1oAYEhPMMrvFnSerHerY9565q1mDmBP7A+fwDg95AL</latexit>

y[n]
<latexit sha1_base64="58e58yNWYRySFPBt0zoyi9M7gD0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeiF48V7AekoWw2m3bpZrPsbooh9C94VC/i1T/kwX9j0vagrQ8GHu/NMDPPl5xpY9vfVmltfWNzq7xd2dnd2z+oHh51dJwoQtsk5rHq+VhTzgRtG2Y47UlFceRz2vXHd4XfnVClWSweTSqpF+GhYCEj2BRS6gpvUK3ZdXsGtEqcBak1z2CG1qD61Q9ikkRUGMKx1q5jS+NlWBlGOJ1W+ommEpMxHlI3mDCpBY6o9rKn2blTdJ77AQpjlZcwaKb+HspwpHUa+XlnhM1IL3uF+J/nJia88TImZGKoIPNFYcKRiVHxOwqYosTwNCeYKJafi8gIK0xMnlAlz8FZ/nqVdBp157LeeLiqNW/ngUAZTuAULsCBa2jCPbSgDQRG8Ayv8GZJ68V6tz7mrSVrMXMMf2B9/gDigZAM</latexit>

g[n] + h[n]
<latexit sha1_base64="KzMN8Q9GPS5OuEtdQa0bWB9OjaU=">AAAB9XicbVDLSsNAFL2pr1pfVZduBqsgCCWpgi6LblxWsA9IQ5lMJu3QySTMTKol9DNcqhtx69e48G+cpl1o64HLPZxzL3Pn+AlnStv2t1VYWV1b3yhulra2d3b3yvsHLRWnktAmiXksOz5WlDNBm5ppTjuJpDjyOW37w9up3x5RqVgsHvQ4oV6E+4KFjGBtJLfvCg+do4FpvXLFrto50DJx5qRSP4EcjV75qxvEJI2o0IRjpVzHTrSXYakZ4XRS6qaKJpgMcZ+6wYglSuCIKi97yq+eoFPjByiMpSmhUa7+XspwpNQ48s1khPVALXpT8T/PTXV47WVMJKmmgsweClOOdIymEaCASUo0HxuCiWTmXEQGWGKiTVAlk4Oz+Otl0qpVnYtq7f6yUr+ZBQJFOIJjOAMHrqAOd9CAJhCI4Rle4c16tF6sd+tjNlqw5juH8AfW5w/cS5I5</latexit>

• Understand what systems are doing by looking at what each part
does separately.

• Simplify block diagrams to get overall input/output behavior
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Some language around DT LTI systems

• The impulse response is the output of the system when the
input is �[n], the unit impulse function.

• We often call an LTI system or its impulse a response a filter.

• If h[n] is only 6= 0 for a finite number of time points, we call it an
finite impulse response (FIR) filter.

• If h[n] is 6= 0 for an infinite number of time points, we call it an
infinite impulse response (IIR) filter.
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The impulse response is everything

Critical fact: The output of a DT LTI system is only a function of the
input signal and impulse response.

• We can find all of the system properties from the impulse
response: causality, stability, etc.

• By relating the values in the impulse response relates to the what
the system does, we can start to design systems for specific tasks.
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