ECE 345: Linear Systems and Signals Fall 2020
Professors Sarwate and El Rouayheb Due: 5 PM, September 11, 2020

Solutions for Homework 1

Note: Almost all original work is the intellectual property of its authors. These works may include
syllabi, lecture slides, recorded lectures, homework problems, exams, and other materials, in either printed
or electronic form. The authors may hold copyrights in these works, which are protected by U.S. statutes.
Copying this work or posting it online without the permission of the author may violate the author’s rights.
More importantly, these works are the product of the author’s efforts; respect for these efforts and for the
author’s intellectual property rights is an important value that members of the university community take
seriously.

Problem 1 (Zero-crossings for CT signals). Find the points where these signals take on value 0, i.e. when
the cross the time axis. Note that for some of them there may be multiple places where they cross the axis.

(a) z(t) =5t —4
(b) z(t) =2t2—-Tt+6

(¢) z(t) = 3 cos(1007t + 507)
(@) 2() = 51

(e) x(t) = 0

You can verify your answers using MATLAB.

Solution:

(a) This is a linear function so it crosses the axis at one point. Setting z(¢) = 0 and solving we get
_ 4

b= 4.

b) Use the quadratic formula: t = V=426 V2426 — Tl g4 ¢ = 2 and t = 2.
7 4 2

(c) This is a sinusoid so it crosses the axis an infinite number of times whenever 1007t + 507 = K3

where K is odd. Solving, we get: t = KZ_O})OO for K odd.

(d) When ¢ =1 this is 0. For all other values of ¢ is it strictly positive or strictly negative, except at
t=-—1.

(e) This is the sinc function we saw before, which is 0 when ¢ =
You can verify your answers using MATLAB.

% for any integer K # 0

Problem 2 (Limits for CT signals). Find the limiting values as t — oo of the following signals.

(t)
b) z(t) = t?e~t
(c) z(t) = e % sin(107t)
(@) alt) = 1

You can verify your answers using MATLAB.



Solution:

(a) Since log(t) grows so much smaller than ¢, the limit is lim;_, o z(t) = 0.

(b) Since e~! decays exponentially fast, it dominates any polynomial so lim;_ o, z(t) = 0.

)
(c) Since sin(-) is bounded and e~?! is decaying, lim;_,o z(t) = 0.
)

[SI[SY

(d) Since the constant terms are negligible as ¢ — oo, lim;_, o z(t) =

Problem 3 (Complex signals). For each of the following complex signals, calculate the magnitude and phase
functions analytically.

(a) x(t) = e—9(t/243)
(b) 2(t) = c~31/2 4 23113

(c) z[n] = 3ed(m/6)n

(d) z[n] = 3ed(m/6)n 4 9,pd(m/9)n

Solution:

(a) We have the following:

Re{z(t)} = cos(t/2 + 3) (1)
Jm{z(t)} = sin (t/2 +3) (2)
z(8)] =1 (3)
Lx(t) = —-t/2 -3 (4)

(b) We have the following:
Re{x(t)} = cos(t/2) + 2 cos(t/3) (5)
Jm{x(t)} = —sin(t/2) — 2sin(t/3) (6)
|l2(t)| = ((cos(t/2) + 2cos(t/3)) + (sin(t/2) + 28111(75/3))2)1/2 (7)

. _y —sin(t/2) — 2sin(t/3)

4a(t) = tan cos(t/2) + 2 cos(t/3) ®)

(c) We have the following:
Re{z[n]} = 3cos((n/6)n) (9)
Jm{x[n]} = 3sin((w/6)n) (10)
2l = 3 (11)
Lxn] = (7/6)n (12)

(d) We have the following:

Re{z[n|} = 3cos((m/6)n) + 2 cos((w/9)n) (13)
Jm{z[n]} = 3sin((w/6)n) + 2sin((7/9)n) (14)
|z[n]| = (3 cos((7/6)n) + 2 cos((7/9)n))? 4 (3sin((r/6)n) + 2sin((7/9)n))? (15)

— o 3sin((7/6)n) + 2sin((w/9)n)
Leln] = tan = o J6)n) + 2cos((n/9)n) (16)

Problem 4 (Steps and ramps, SSTA 1.27). Find formulas for these signals in terms of steps and ramps.
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Solution:

A delayed step drops the waveform. A delayed ramp reduces its slope by one. The way to think about
these problems is to piece together the waveform. We will describe the process for the first signal; try
to justify the other ones on your own:

(a) The signal starts at time 2 with a jump of height 3, so to get there we start with
u(t — 2) (17)

Now the signal starts going down linearly with a slope of —2/3, so we need to subtract off a ramp
with coefficient 1:

u(t —2) — gr(t —2) (18)

When the signal gets to time 5 the value is 0 but then it starts rising again with slope 1, so we
need to add r(t — 5) to cancel the negative ramp and then another (¢ — 5) to make it start rising
again:

21(8) = Su(t — 2) — gr(t _9)+ %r(t _5) (19)

Then at time 8 we have to cancel the increasing ramp and pull the signal value down from 3 to 0:
2 4 2
x1(t) = 3u(t —2) — gr(t —-2)+ gr(t —5)— gr(t —8) — 3u(t — 8). (20)

(b) This signal is zo(t) = r(t — 2) — 2r(t — 4) + 2r(t — 8) — r(t — 10)

(c) This signal is 23(t) = 3u(t — 2) — 6u(t — 6) + 3u(t — 10)

Problem 5 (CT periodic signals, SSTA 1.26). Determine the period of each of the following waveforms. If
the signal is not periodic, explain why.

(a) z(t) = sin(2t)

Solution:

The useful fact to keep in mind is that the period of A cos(wt + 0) is %’“ as long as w # 0. Applying this
fact, we get the answers:



a) The period is 2& = 7.
(a) b 2

(b) The period is % = 6.

(c) Using a trig identity again: cos? (gt) = % aF %COS (%’r), so the period is 272:;3 =3.

(d) This one looks a little trickier, but it’s not too bad. We need to use another trig identity:
cos(A + B) = cos(A) cos(B) — sin(A) sin(B), where A = 4nt 4 60° and B = 45°. Thus

cos(4mt 4 60°) — sin(47t + 60°) = v/2 cos(4mt 4 105°) (21)
and the period is i—: = %

(e) Sometimes the sum of periodic functions is not periodic. Here, the first term cos((4/7)t + 7/6)
has period 42/—7; = %2 and the second term sin(4rt + m/6) has period 2X = 1. Since one of the

periods is not an integer multiple of the other, the sum of these two sinusoids is not periodic.

Problem 6 (DT periodic signals, SSTA 7.3). Compute the fundamental periods and fundamental angular
frequencies of the following signals. If the signal is not periodic, explain why.

(a) 7cos(0.167n + 2)
(b) 7cos(0.16n + 2)

(¢) 3cos(0.167n + 1) + 4 cos(0.157n + 2)

Solution:

For a discrete-time sinusoid A cos(2n + 6), the fundamental period is
No = —, (22)

where k is the smallest integer value that results in an integer value for Ny. If no integer value of k
exists that satisfies this condition, then the sinusoid is not periodic.

(a) We can calculate:

2k 2wk 25
T Q0167 ?k' (23)

No

Now to figure out if an integer k£ will make Ny an integer, we can see k = 1 won’t cut it but k = 2
will, so Ny = % X 2 = 25 samples.

To get the fundamental angular frequency, we just take 27 and divide by Ny:

2T 2w
Qg = — = — radians/sample. 24
0 N, 25 / p (24)
Units are important! Frequency is measured in radians (not degrees) and for DT signals we don’t
have a scale for the time axis, so it’s radians per sample.

(b) We can go through the same process:

2k 27k 257
No=22 =200 20 2
°T T T 016 2 )

Because 7 is irrational, there is no integer value for k£ that will make Ny an integer. So this signal
is aperiodic (not periodic).




(c) We can calculate the period for the first and second terms.

otk 25

No1 s 3 k = No,1 = 25 samples (26)
2rk 40
No,o = Ofm = ?k = Ny,2 = 40 samples (27)

So we have the sum of signals with period 25 and 40. To get the period of the sum, we need
to look at the least common multiple of 25 and 40, which is 200 samples. So the first term goes
through 8 cycles in 200 samples and the second term goes through 5 cycles in 200 samples.

Now to get the fundamental angular frequency we have

2 2
=2 _ 2T 0.0ln radians/sample (28)

Oy = —— — =
7 N, 200

Problem 7 (CT power and energy). Determine power and energy for each of the following CT signals to
decide if they are energy-type, power-type, or neither.

(a) 1(t) = e *u(t)
(b) zy(t) = ef2t+m/4)

(¢c) x3(t) = cos(t)

Solution:
Recall that |x(t)|? is the instantaneous power for a CT signals. Energy signals have
(oo}
/ () Pdt < o (29)
—o0
and power signals have
1 [7/2 ,
lim — t)|°dt
0<T1—I>I;<>T/_T/2|m()| < 00 (30)

(a) For our first signal, the u(t) means we only have to integrate over [0,00). On this interval e=2¢ is

decaying (exponentially fast) so the area under the curve of |z (t)|?> = e~*u(t) should be finite.
So a good guess would be that it’s energy-type, but we have to verify:

e 0 1 <1
&= / (e™2)2u(t)dt = / e Hdt = [—-e | ==, (31)
Since it’s energy-type, P; = 0.

(b) This is a complex exponential, so to find the instantaneous power we can use magnitude-phase
form or write it out into real and imaginary parts:

‘Ig(t)|2 _ :Eg(t)SC;(t) _ ej(2t+7r/4)67j(2t+7r/4) -1 (32)
|22 (t)|? = |cos(2t + m/4) + jsin(2t + 7/4)| = cos®(2t + w/4) + sin® (2t + 7/4) = 1. (33)

You can do either, but the first one is a bit simpler. Since the instantaneous power is 1 at all
times ¢, the average power is also 1, so P, = 1. This is a power-type signal so £ = co.




(c) Since cos(t) is periodic (with period 27), we know it is a power-type signal, so &3 = oo. The
instantaneous power is | cos(t)|? = cos?(t). Integrating over a single period:

27
Ps ! / cos?(t)dt (34)
0

" or

Now you have to dredge up more trig identities from your memory to use a double angle formula:

cos(2t) = cos?(t) — sin?(t) = 2 cos?(t) — 1 (35)
cos2(t) = % (1+ cos(2t)) . (36)
Now,
Py = % /0 " ; (1 + cos(2t)) dt (37)
1L /0 7 cos(20)dt (38)
- (39)

Note that the integral is just integrating cos(2t) over two periods so the area under the curve is 0.

This might seem like a lot of work but there are actually several short cuts you could use to get the
answer. This approach highlights the importance of double angle formulas, which will be useful
elsewhere. This trick of converting cos?(t) into (1 + cos(2t)) appears quite often so it’s good to
stash it away in your memory for future use.

Problem 8 (DT signals). For each of the following DT signals determine (analytically) the power and
energy to decide if they are energy-type, power-type, or neither.

(2) @1[n) = (3)" uln]
(b) x2[n] = ed(m/2n+m/8)

(c) as[n] = cos (En)

Solution:

Recall that |2[n]|? is the instantaneous power for a DT signals. Energy signals have

g |z[n]|? < oo (40)
and power signals have
1 N
. 2
0< 1\}51(1)0 ON T 1 EN |z[n]]* < o0 (41)

(a) Our first example is the DT analogue of the decaying exponential: (%)n u[n] is decaying expo-

nentially fast over time. Again, this suggests it is probably an energy-type signal. We can test
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n=0
-3 (3 (44)
1
T 1-1/4 (45)
-2 (46)

So P = 0.

This solution indicates another important mathematical tool that we will use over and over again
in this course: the sum of the geometric series:

Za”:l_a. (47)

Because in DT signals we will end up doing a ton of sums like this, we will encounter the geometric
series in many forms to get clean formulas for various things.

Again, we can look at the instantaneous power:
. 2
’e](”/ 2””/5”‘ -1 Vn (48)
(where V stands for “for all”). Since the instantaneous power is 1 at all times, the average power

Py =1 and & = .

First we should check if this signal is periodic: Ny = % = 8k so it is periodic with period 8.

Therefore it is power-type and €3 = co. We can just hand-calculate the power:

P3 = 1(cosQ(O) + cos?(m/4) + cos®(m/2) + cos®(3m/4) + cos?(m) + cos? (5 /4)

8
+ cos®(3m/2) + cos®(Trr/4)) (49)
1 1)’
-1 <2+4 <\/§> ) (50)
== (51)




