



































































































































ECE 345 Fall 2017

Signals Rutgers University
Prof AnandD Sarwate

Objectives
1 Be able to classify signals by their

properties discrete continuous tire

periodiclaperiodic evenlodd etc

2 Be able to calculate properties of signals
such as their period power or

energy
understand the difference
between power and energy

3 Manipulate signals through simple
operations lie delay time

dilation and reversal

4 Understand and use basic signal
constructions such as the cruet

step function complex exponential
and impulse functions

A a more detailed treatment of impulse functions will
come later






































































































































Typesofsignalsm
There are many types of signals

that we will encounter in this class

discrete time and continuous time

xvii
periodic and aperiodic

tartanperiodic
repeats every T aperiodic

even and odd

e t xlt e aft
we also want to be able to measure

different properties of signals
energy lpower

energy f at 2dt

power fizz 1 Ictidt

period
t X Ctt T for some T






































































































































We want to be able to understand
how simple signal manipulation 5 work

delay Xlt Xlt 2

compressing squishing the

true axis e x Lt

expanding stretching the

time axis E x th

Periodicaudaperiodicsignat
As we heard in the introduction to

the course Sin cos waves are going

to be a big part of this course

More generally we will see that we

will have to treat signals that are

periodic differently from signals that are

not periodic also called aperiodic






































































































































DeffDefy A continuous time signal Lt

is periodieriodtif
XIE It T

for all t A discrete time signal
XCw is periodic u.tn period N if

I ut N

F Notef If Ct is periodic with period T
it is also periodic water period 2T 3T
etc Make sure you understand why

Deff
Defy The period of a periodic signal xlt

or rail is the smallest T or N

for which he Xlt or xCn3 is

periodic weth period T or N

Exf Example It cos raft fin Hertz
hat is the period of t
Xlt x

1

µ attain
t

l
2 eyeball it
3 find the point

T is the first point 0 where it
where It 1 starts repeating

cos 121ft 1

272ft 217
T Hf period as If Seconds






































































































































Anatapproachi use the definition

2 do algebra
X Lt x t T

cos Czaft cos 2nF t T

A cost has period 21T

cos 21ft cos 21ft t 2nF T

21ft 2TL

T f

Pets keep track of units like Hertz

I D I
right you made an error somewhere

Exf Example Cu e
J n

For what values

of co is this signal periodic
F A Thrs is a complex valued signalb

First we have to understand the question
why might xcu wont be periodic for

some values of ar

Easiest approach try some examples Take
w 2 o 0 242

i e 52 Im
X 2 e54

a

X 3 e I
6 doesn't look 1 he it

will repeat






































































































































F Note this is not a proof but doing1 i

b some examples can build intuition

what does the example suggest We need

to get these complex numbers to repeat
Thinking of the magnitude phase representat
we need to get the phases fangles to

repeat
W 2W 3W 4W

But we actually want them to repeat
mod 2T every time the phrase goes
around a full circle it goes back to
O Therefore

w mod 2 2cm mod 25

should be perrodic
From the definition

w n mod 217 nth mod 21T

into N mod 21T

or w N m 21T for some m

So w 2171 for integers
N

m and m

Putting it together
X u7 eiwn

is periodic with period N if there is
an integer in such that

as 27M
units

radians
N






































































































































Not1 Notation jargon To make things more

Succinct we will be introducing a

bit of jargon and acronyms It's

good to get used to it sooner

rather than later
CT continuous time

DT discrete time
Also we will be using a bit of
mater notation

IR the set of real numbers

the set of complex numbers

Z the set of integers
E is in or is an element of

XER x is a real number
ne 2 a n is an integer

Exf
I Example It e t what is the period

of Ct

Trick question Draw a picture
It

a

This is pretty
Eo clearly vet

periodic
Try f Checkyooist Make up some functions and

see if they are periodic or not If they
are find their period






































































































































MainTEuen and odd signalsI

Symmetry is another important property
Deffp Def A CT signal xlt is every of

XC t exit

and is odd of
XC E xct

A DT signal xCu3 is every if
xEu3 xCu

and is odd if

Cu3 xCu3

As always the key to understanding rs

through drawing pictures
Exp
1 Example Loons symmetric probably

I even Let's check
I

Yahueene
xl t s Itt

you
stuff xlt1 e

t2
t

e
It

before XLt

checks out

Example I 2 t 11
XLt O otherwise

j
t ft

stage Looks odd

XC t f
t lets 1

O otherwise
xlt






































































































































Mainfe u

1 Most functions are neither even nor

odd So why do we care so much

Feat Any signal can be written as

the sum of an even signal and
an odd signal

X Lt Keneult t Xoddlt
X u Xeven u t Kodak

Nott Notation The book uses this notation

so we'll stick with it

Err Xo even part of xlt

Od1 47 odd part of alt
Mainf

If you are seeing this fact for
the first

time it might seem pretty odd but

eventually it will start to make sense

The trick is that we can construct the

even and odd parts from Ket or xais

Ev at I xct7txC t Xeveult

Od act vet XC t X dolt

Here E txodact I act ft
Exit Exc t

x Lt






































































































































and

Xeventt XC t XC't XevenCE

XoddC t I Ld't Ct Xoddlt

Thrs rs a pretty neat trick and what

it will let us do is analyze the even

and odd parts separately
The same trick works for DT signals

Ev x xlvi x En
Od x Cu xc x u

first Chech yourself make up your own example

of even functions odd functions and

functions that are neither even nor odd

For the last group compute their even

and odd parts

TProtipe It's good to have examples in your
mind for dafferent signal types or for
different signal properties That way
when you encounter a new signal you
have an example to compare it with

FEnergy and power
we will often talk about the energy

or power in a signal After spending so

much time arguing that signals are






































































































































g g g

everywhere and that lots of measurements
can be thought of as signals it should be

pretty clear that Joules energy and

Watts power are not concepts that apply
to all signals
Some reasons we talk about energy and

power are

1 voltage signals are pretty important
as are EM waves If vet is a

voltage signal then it dissapates
t
2

T
Watts jouleslsec over a resistor
of R ohms

2 The formulas still measure important
properties of more general signals
In those settings we won't use

jokes and watts as units but

instead we will just think of energy
as having some abstract unit
and power as energyltimePhilp

Philosophize we are doing the same thing
with time Remember that some signals
are measured over space not fine






































































































































But for this class we think about a

generic signal as a function over time

If it helps you can think of a

generic signal as a voltage signal
over a unit resistor

DeffDefy The instantaneous power signal for

signals is the squared magnitude of the

signal
Red CT signal Ct 1 1 7

2
1Ct

complex CT signal xlt 2 1xCtIf XCt X ft
Real DT signal xCu3 as f x u72
Complex DT signal Icu 1 0912 67 n

where t and x u are complex
conjugates

The instantaneous power signal is also a

signal over time Power is enersextime
so to get the energy of a signal we

just integrate Isum over time

Deffthe total energy of a CT signal xlt is

Ex I Ixctifdt
The total energy of a DT signal an is

no

Ex I 1 0312
n x






































































































































T The total energy in a signal can be

finite or infinite A few examples
should help clarify things

E fExa ple real CT signal energy
Suppose Xlt e

It what is its energyE

Draw a picture
Xle nlxl.TT 2 e

2ltl

If tht

signal inst power
so we need to do the following integral

a

Ex 1 1 71 dt

r ZITI
f e dt
x

2 e 2tdt by symmetry
a useful trrch

22 f Ie 2T

2 o C I

1






































































































































Exampley CT signal with infinite energy

It cos wt 2µL
ixenticos

944 2 0Area under the
curve is is
so

Ex 0

Example Complex CT signal
t e

It
cos wt je

t
sin wt

we need X Ct to get 1 1 71 or do we

XCt7 e It Jwt

ag pfrase

1 4212 e
2121

1 from the earlier example

Examplee real DT signal
suppose x w n O

O ne 0

Then 1 Cu II NZO

O n co






































































































































Drawing a picture
I
44i
I 2 a

u 1 4212
Now algebra

a

Ex I 1 042
Are
a

1 41
2 since laws 12

is 0 for into
n

l

22T substituting in

u

7
since 221 22

ha o

I
this is a

l Yu geometric
series

4g

f we are going to see sous line turns a

lot so brush up on your geometric
series manipulations






































































































































Mainf From one example it seemed that

periodic signals have infinite energy

We can show why this is true in

general
Suppose t is a signal with period

T Then

1 4212 I xlttt 12

so the instantaneous power is also periodic
with period T Then

lxctstdt IIS.fmIxctY2dt
we're looking at the
integral over NT NT
and then letting N grow

IIs 2N lxkstat
since x Ct repeats
2N times in
NT NT

line 2N where
µ ing T z2 51 411 at
X unless x O T

but that 70
would mean since 1 44230

1 7 0






































































































































Iconfused A picture helps
Ct

Here is our periodic
function

t

c IX f 12
Here is the

ar T T or Instantaneous
power

It's also periodic with
suppose N 2 Then we period T

look at the signal from
2T 2T

The area under the
curve is 4 the

i µ area under one period
1 area x

T
so as we let N get larger
we will get 2N area from 2N repeats

TAU periodic signals have infinite energy
but not all infinite energy signals are

periodic Example salt t

MainPAll of this suggests that energy rs not

the right way to measure periodic
signals From the argument above






































































































































we see that for periodic signals the

energy grows linearly in the number of

copies as we extend the integral to

cover more of the true axis That

is the energyperunote is constant

for periodic signals This motivates our

definition of power

Def.fDe_f The t.me agdpower of a signal
Ct or Xfir is

cut Q L S exitsidt
N

com Px 11,2 2 I was fat
we N

Def A signal Lt or Cu is called

energy type or a finite energy srgual
if Ex L X It is called powertype
if Px LX

if
signals can be energy type and for
power type They may also be neither

energy nor power type Example Lt t






































































































































Example Xlt 2 cos f2aft what

is the power of t

2Drawing a picture µµz

Period is T If

P 3 I 4 cos 251ft dt

T4 cos 251ft dt

4 2 cos 217ft dt

by symmetry
T

4 it cos 4 ft dt B'costa
o cos A

Sin A
T Zoos A l4T t 4 sin 41ft costa cos AH

4T t 4 sin 417ft

4T t 4 sin 4T Hf since T Yf

4T Since surly 1 0

Px fi 4T

2






































































































































Example Cn 3 Jw

Then 1 0312 9 since le Jw 1 1

This is a constant so

N

Px 2 I 1 6312
Ue N

Isn I
N 10

2N ti 9

9
Christi In oExact u

na 0

To find the power let's get this into

magnitude please form first

Cu e
nln3 jun

e

e 34
e Jun by basic

log properties

e Jon sauce e x

Ixcusl's

So P f z IE xcu312

E In






































































































































e.E.ie EtIseoeTietsic

ni z Fa 14 Trich

iii I
1 YgNtlIim 1

µ x 210 1 I 19 t I

O
l Ya
9
8Not T You may be asking why I didn't stop

on line 2 above and say

E g E s
and then see immediately that p O

The reason was to highlight the geometro

series trick
a X

I2 In Mtnx
harm n O

In Its
neo 2

KM






































































































































We will be using tricks like this often
when dealing with DT signals so it

is a good idea to get comfortable with

them

NotfAuother thing to review from high
school are trigonometric identities
like cos AIB sonCAIB and

their friends we won't be doing very
complicated things but having double

angle identities at your fingertips will

be very helpful

T'T Chechigelf make up some functions
and calculate their energy and power
Find examples of energy type and

power type signals Find a signal
that is not periodic bot has A O

Philp Quantifies that we measure about signals
are often used as inputs to more

advanced processes For example energy
or power might be used by a machine

learning algorithm to help label or

classify the signal For example energy






































































































































can help detect whether a person is

speaking into a microphone the

energy in the audio signal is hrgher
when someone is speaking In

machine learning these quantities
that we compute from the signal
are called features

f simple signal manipulations
Systems are things that transform signals
In order to understand systems it helps
to think about simple transformations

Act e

delay I 1111
T

or
0

o i 2 3 o 1 2 34 5

time dilation
Kt xlth

2 4
a xC2tNote X at

stretches for 1 µsquishes for 471 1

this is a little counterintuitive at first






































































































































decimation

i
time reversal

Xct n

h
Xan Xfu

t.io
We will be doing a lot of these manipulations
in this class In particular we will
see integrals like

f xceih.lt E de

this is a flipped 2 shifted
version of h

Atta2 z z z I z

h E hl e ht ett

original time reversed shifted
flipped for t l






































































































































We will also see sums that loon the same

re XCm hen m

me 0 I flipped and shafted
again

97 Chechigselfn take some functions maybe
the ones from earlier self checks and

try these signal manipulations Write the

formula and then stretch the function

to build an intention about what these

transformations are doing

Mainft Here is another one that we will come to

later in the course

sampling given a period T we make a

DT signal from a CT signal
XI Xent

http

t.EE tT 2T

11
X u

oink n

Question can we recover t from x u

Sometimes for later in the course






































































































































Main ft specialsignals
There are lots of special signals that we

will encounter over and over again
remember
what tuas

Complex exponentials 1 means

t C eat where C x E 1C

We saw an earlier example of

periodic complex exponentials

Ct Two t

cos woot j sin coot

Note that this Euler esque venison

automatically gives us the even and

odd parts of the signal
Ev eiwot cos Cwo t

Od eioot j soulwot
Not p Defining evenlodd for complex signals is

a little more complicated we need to look
at conjugate symmetry we'll see more later

Ex f Exacple why is Lt swot

periodic what is its period
Note that ejlwot 2T Iwot

so eiwoltt EE ejwot
This means Ct is periodic with

period To 21o wo






































































































































Try fm Come up with an argument to

show that To is the period
of Ct That is show that

Xlt is not perrodie for any
period TL To

Mainff we can also introduce a phase shaft

Ict e
5 wotty

sinusoids Sime and Cosme functions are

also fundamental building blocks

Xlt A cos wattle
P T T

amplitude frequency phase
CM radians

shrft

Not Tf The frequency of a signal can be given in Hertz

or in radianslsec This is just a matter of

units since we can convert one to the

other
w 217 f

Omega

so 20 Hz 4017 radfsec
People who work in communications or audio

signal processing like Hz because the

radio spectrum and audio frequencies are






































































































































usually given in Hr More general signal
processing is often done in radlsec with

a devoting frequency
The important thing to remember is how to

convert from one to the other It takes
a little practice

If we dig a little deeper corth Euler's
relation we can get a couple of other

trials

es wt e J
t

2 cosh jwt

cos wt jsen at t costat

tj Sen nwt

cos at j sencut t cos Cwt

j succot

2 cos wt

This lets us do some factoring tricks
See Example I S in the book

For general complex exponentials if
lol eio a rt j wo

Tien
Ceat Iclerteicwot to

lclert cos wotto jlclertsin wotton






































































































































what about discrete time signals

Complex exponential Cu EB
but we usually take the form

Cm Cx x e P

we also have the special case

X Cn eiwon
and similarly

A cos wonton Az ejoeiwon eJoe iwon

Try f Verofy the formula Is this signal energy
or power type what rs its energy and

power

Main We saw via an earlier example that

the complex exponential in IT is

periodic when

N is the period
in E Re remember

this
notation

The unit step function
The unit step function steps from 0

to 1 at time 0 an

t






































































































Mathematically
vet O too

1 t 70

Note this is discontinuous at 0

and is actually notde fined for

t o

For discrete time we have ta similar

thing
ucu7

o EEO n L O I 2 I 0 I 2 3 4

P T The old school name for Oct or uh rs

the Heavnisidestepfeuction named after
Oliver Heaviside 1850 1925 who did a ton
of important work on EE physics and math

including diff ego using complex numbers for

circuit analysis and EE M

In addition to looking
like a guy you wouldn't

want to mess with he

was pretty interesting
you can learn more about
how online Image : Wikipedia



Mainff The unit impulse function
this one is easier to describe for DT

signals first
u 1 neo so

0 NEO 19 07

The uuctise function or delta function

is equal to 1 at time 0 and is 0

elsewhere We will be seeing a lot of

the unit impulse and its fine shifts

8 n m I am

O n m

why Because we can write any DT

signal as a sum of scaled 2 shifted

impulse functions

Ku km 8 n m

0 thus looks sort of dumb
2 weird at first but
be patient

Cu

Eisen2 8 ht 2 1.8 Cut 1 38 Eu

1 8cm l t 1 S 8cm 2

t 0.5 8 n 3



An important property of the S function
is that

8 Cn m 8Cu b O m k

scum wah

so we can use 8 functions to pick out
elements of a DT signal

Ku SEN m

Faxon 8Cu h 8 u m

1 xch 8Cu h 8 u m

g 0 if
Kem

X m

Finally we can write 8cm in terms
of shifted unit step functions

8cm uCn7 war I

Try I verify this formula

For CT signals the unit impulse 8Ct called

the Dirac delta function is a little trickier
to define from a mathematical perspective
If we view the DT Cu as a runningin
sun of 8Cn vcu Is 8cm

men



Then we can define 8 t as the function

that makes t
uCt7 f s e de

But this is weird Oct jumps forom O to

1 just after E O So somehow the area

under 847 at t o has to be 1

Section 1 4.2 has a more formal treatment

but one way to think about flt is as a

function that only is nonzero at t 0 but

somehow packs an area 1 into there Or

as a limit of
as D O

1
the box gets

12 Az taller 2 narrower

The 8 function is what is called a generalized

function and we draw it like this
81T

µ
with a 1T at 8 0

o t

we can also shift it 81T 3 is at at
3

we can scale it in amplitude

a SCt has area 2 at
O



Phil
Delta functions sound weird and outinidating at
first but they are the right way to deal
with idealizations like point masses on

point charges in physics

Ma f when we integrate a signal multiplied
by a shifted 8 function we can also

pull out the function value

Ct 8Ct 2 at xce

no

similarly we can formally define 8ft
as the derivative of colt

set uct 1in vets
s 20 D

compare this to Fe DT version

8cm a UCu7 u u

1

JT Checkyounrself look at the learning
objectives from the first page and

see if you have learned those things
If not try the other Try sections
in this lecture to see if that helps



Mainfotherspecialfunction
There are at least 3 other special functions
we will be seeing a lot of in this class
1 Rectangle or boxcar function

Xlt
1 ltift
O t T

a Xlt
sometimes this is called

11µg rectlt when T K

T T t

Different books may have different notation
for the rect t function If you
are looking at some other references
or websites be sure to check

Mainf The rectangle in discrete tone is

similar

If II
4 11 Ink N

F O lulls N
N N I N

2 The triangle function
t I Tetso

I I oust

I 1 T tET

o otherwise



In DT we have the same things

op
19jp

M II Inlen
O otherwise

e
2 I o l I

3 The sine pronounced like sink

function see p 293 295

source t since
It

1

aqI
3 I l z

crosses axis t K K integer
k 0

sin kit
O

tim Smit 1
o it

a

Try why is this true I
Try a Taylor series


