
 

NotesoulaplaceTrausfori

Objectives
be able to compute Laplace transforms

using the definition

explain the region of convergence Roc

and how to find at

Use Roc properties to find the ROC for

linear combinations of signals
identify signal system properties from
the Laplace transfer and Roc

use Laplace transfer pairs and properties
to compute new Laplace transforms



Mainf LaplaceTransforms
A major theme in the study of LTI systems

is the notion of a frequency domain view of

how systems operate We have seen that

complex exponentials are eigenfunctions of
LTI systems

est htt tics est SEE

St Hls E
Hessest

That is if we put a complex exponential
iv to an LTI system we get the same

complex exponential at the output scaled by
a complex number HCs that depends on

S Thrs scaling factor has a magnitude and

phase Hls tics I ej4 Hcs

So we can see that est gets a gain
of IHCs f and a phasestft of 4 Hcs
This scaling factor Hcs is a function

of the system impulse response
0

Hcs htt e stat

This is the bilateral Laplace transform of htt



FFDet The bilatplacetransfory of a CT

signal XCt is

XCs niche stat

The uuilateralla.pl rausform of Xlt is

Xu s xCt7 e stat

t
cost textbooks discuss either the unilateral or

bilateral Laplace transform in more detail
and leave the other as a side note

Mathematically the difference is just in

the linnets of integration
bilateral f

no

unilateral f 0
So why do we need two transforms This

is confusing It turns out they are useful for

different things
bilateral more general understand

noncausal systems etc

unilateral gives more insight into causal
Systems Can be used to solve
diff eqs with nonzero initial
conditions etc



For now we will focus on bilateral Laplace
transforms and will come back to the

unilateral case later

thifwhat about the inverse transform How can

we go from HCs back to Lct This

turns out to be a more complex problem
pun intended

Let's do some examples first

FExample find the Laplace transform of
Xct e

at uct at 112 a 0

Just plug in and do the integral
no

XCs f e ate stuctzdt
x Tuct males the

Jo e
Gta Edt signal causal

so unilateral
and bilateral
are the

same
1Sta

But something is missing here SE E is a

complex number Let's write it as S Ttjw
1 This only holds ifXls

gta jw of a 70

So
Xcs 1 if Refs a

Stju



FThis example shows an important concept
when dealing with Laplace Transforms and

other transforms the formula for VCs in

the S domain only holds for certain values

of s In the example the s a If we

visualize the complex plane
I
1 thus set

s Ress a

is called the
a 1
I Regronofcouigence

Roc of XCs

The Roc is very important in understanding
the behavior and properties of LTI systems

Yue will use the following notation to describe

Laplace transform pairs

Xlt X s Roc description

So for example we just showed in the example
that

e
at
uct Refs a

we use a lower case x for the true domain and

upper case X for the s domain o Laplacedomain



IIs a special case of the example we can set

a _0 to get X t Uct

ult
L st Refs 20

If we think back to our description of ult
as a system this says that an integrator has
a Laplace transform of Hs

fxaupt.ee Bilateral transfer S are needed to

understand non causal systems Suppose
Xlt e at C t

the
yes e atul tle stat

e
esta Edt

1 Refs L a
Sta

This is the opposite1 from before

al

i Roc plot



Main
Rationaltran sforms

One nice property of Laplace Transforms is that

they are linear
If x X s R

x I XzCs Rz
their
ax Ct tbxz.lt a X s taz XzCs

ROC contains
R n Rz

Note R n Rz might be empty In

this case the Laplace transform doesn't

converge anywhere

III Suppose Xlt 3 e 2T ult 2 e t Oct

Fro before

3 e
Z l Ct Is Refs 2St 2

2 e
t
o Ct I Re s I

5 I

Intersecting the two Roc's

i
i

i

we get ya L
Refs I

52 3 St Z



Tso why do we say the ROC contains
R n Rz It turns out we can have

pole zero cancellation

E
FExample Suppose XCt x t XzCt

whee
Cs Refs I

X2Cs cs z Refs 7 1

Then
St 2 IX Cs xzcst
c s csf.SI

1St2
The pole at 5 1 was cancelled out by
a zero

The Roc for this is Re s 2 which

contains R n Rz Refs I

I l I
i l I
i l il i

t t
b l 21
i l Ii l
i f

Ri R2 R nRzCR



FE Suppose Xlt e 2T ult t e t cos t ult

what a s its Laplace transform
we have

e 2T oct L
2 Re s 2

but how do we deal with the other term

Euler's relation

e t cos St e
t 3571

2 e lt3jIt

e
a 5 tuff 1

StG Sj
Refs I

e
1 35 tact L

j
Refs I

Intersecting the three Rocs we get

Refs 2 I

IXCs t Est I

2 s't S s 12
ummm Algebra52 25 10 St 2

TAIL of our examples so far have had the

nice property that the Laplace transform

55 rational it is the ratio of two polynomials
X s NCI c numerator

DCS c denominator



This is happening because all of our Xlt

examples are linear combinations of complex
exponentials

Notfwe well write

CCE for Linear Combination of
Complex Exponeutrals

Fence each complex exponential contributes a

term lik I
Sta

an CCE µ
ait

L Cie UCH
i l

Nbecomes Ci
L Sta Refs ai c L N

c I
Ress min ai

When you combine

the terms you get a rational function

There is a lot we can understand from
rational Laplace transforms One point
of connection between rational transforms
and things you may have seen before
is through the solution of Linear Constant

Coefficient Differential Equations CLCCDEs
We will return to that connection later



Polesand Zeros If XCs NCI where
D s

NCS and DCs are polynomials in S

we can factorize them
N
TI Cs ai
I

XIs Cells b
j

we call ai the zeros of X s since

bj the poleyX ai O and we call

of XCs since 1 1511 x as s obj
That is the poles are where XCs

blows up The Roc of XCs can not

contain poled the poles are points
where X s doesn't converge
The diagram we saw before is a pole zero

plot of XCs we put an for the poles
and a o for the zeros

1 for our previous example g2 525 6 0
7

VCs f E
52 257 lo St 2 2

252 Sst 22 ft Fff j
s C 1 3 S C l 3 St 2

L
s l ski tytrij s C she kit

s C 1 3 S C l 3 St 2



So a Sly IT Taj
on 5 4 FFI j

o

b I 3 i
b z l 3J t

b 2

The pole zero diagram
O

note not to scale

YAS you can see pole 2 e o diagrams can

involve some messy calculations and the

exact locations of the poles and zeros may
be messy as well A few things to keep
in mind

In practice much filter design is

done graphically click to place the

poles and zeros The MATLAB filter

design toolbox lets you do this

When designing control systems the

goal is often to use feedback to

move the overall system poles and
zeros into a more favorable

position This is the heart of the



root locos method it looks a

bit like an American football play
diagram

AC

O s

TherocandsignallsystempropertI
We can tell a lot about a signal or system
by looking at the Laplace transform

1 The ROC of XCs consists of strips
parallel to the imaginary axis

this is true of all of the examples we
have seen so far

2 For rational XCs the Roc contains no

poles

3 If Xlt is of finite duration and is

absolutely integrable then the Roc is

the entire complex plane
Th s follows because the term est



Cannot become arbotnarily large over

the duration of Xlt
e growing exponentialdecaying

exponential n r r

t
T Tz

so f lest xLt7 Idt Lol onitages

Note absolute integrals Icty was our

co d hour for a system to be stable

4 If Xlt is right sided 0 for TL To
and of the line s Refs To is

in the ROC then

S Refs zoo

is on the Roc

Note causal signals are right sided
This says that if

J e
rot

xity It converges
To

Tien

f e
Coot 8 tact converges



5 If x t is left sided C o for t To

a d of the line s Refs of rs

in The ROC then

s Refs 4 To

is on the ROC

G If x Ct is two sided and if the line

s Refs To is in the Roc then

the ROC consists of a strip in the s plane
that includes this line

7 If X Cs is rational then the ROC is

bounded by poles or extends to infinity
If XCs is also right sided then the

ROC is The region to the right
of the rightmost pole

If XCs is also left sided then

the Roc as the region to The left
of the leftmost pole

For a given Laplace transform XCs then

we might have many different possible
Rocs and therefore several different the

do aan signals may have the same XG
That is why we need to specify both



X s and the Roc

Ex
TExamplen Suppose Xls Cst

Then we have poles at 5 1 a d s 2

We have 3 choices for the Roc

i
Right sided Left sided Two sided

Ia pl i Suppose

S2 Sst 6XCs
S2 125 5 St 3

Then 52 2 s t S 2 Edo It 2JZ

s 3 s 2yes
s l l 2 s f 1 25 5 3

Now remem ber the poles are what matter

for the ROC not the zeros



i l i lI i l I
i l i

i x i x
i l
i l I

i l I
i l lx 1 x x
I l I i

l i
1

Right sided Left sided Two sided

Mainfwhat about system properties We have

similar sorts of connections between the

transform Iroc and system properties

Causality If htt is causal then the

Roc of tics is a right half plane i.e

it has the form Refs Z x

The converse as notte If the ROC as

a roght half plane all we can say is

that hct is right sided It may not

be causal a

right sided causal

If Hls is rational then the ROC is the

right half plane to the right of The

rogutmost pole



TExample htt e
It notcausat

But first find HCS

htt e t Ct et ul t

2Hcs
S2 1

Refs I Re s c1

so the Roc for Hls is 1L Refs 21

This is not a rught half plane

FStability An LTI system is stable if and

only if the ROC includes the imaginary j
axis s Refs _Of

Phil
is shows how important the transform
evaluated at s jar is In this case

we get a

1 Icw hit e Jwt at
x

Thos turns out to be the CT Fourier

Transform CCTFT of b Ct

E

Haupt Suppose Hls
Str s 2

There are 3 possible Rocs



1 If the system is causal then the Roc rs

Re s 72

But this is unstable

2 If the system is stable then the Roc

has to be

l a Re s G 2

i
i l Ii l i

l I i
l I

l I i
l I

I i z L i 2
i i

l i

l i l
i l
i i

i

0 0 0 0

causal unstable noncausal stable

Tputting this together we see that a causal

system with rational Hls is stable if and

only if all of the poles of HCS are in

the left half of the s plane That is

Re bn L O

for all poles

Invertibility we have seen before that

while an inverse system may exist it may



not be stable or causal Sometimes people
call causal and stable systems realizable
If XCs is rational then finding an

inverse system algebraically is easy

Ks tyg xiCsI 7
N

or

Xics p If s b

11 s ai

The poles of XCs become zeros of Xics
and the zeros of XCs become poles of Xi s
If thus pole 2 e o diagram can have a stable and

causal time to arm signal Xict then the

system has a ca s l 2 stable inverse

Dampier Hcs S2 and tics is
521 25 2 Causal

Stl St 2
i Ress l

Hj Stl j Stl j
Y

Then Hild
2 I Stl j Stl jI 115 I

X o
i ji Stl Ste l

l

We can find Gu z i
Roc for Hics so I j Q

That hilt is stable and causal I



se partial fraction expansion on Hils above

and find hilt

Try the example with t Can you
52 25 2

find a stable and causal inverse

TIuvertiglaplaceTraust
The last two examples show that a

given XCs might correspond to several

different XCt signals So how can we

figure out what these xCt are

For national X s we can use partial
fraction expansion to break apart the

transform into a sum of terms For example
if all of the poles are simple first order

then
TV

XCs Kt E S binh

and govern the Roc we can map each

term in the sum to e but ult or

e bht v C t The Roc tells us which

terms should have right sided and which

should have lef sided transforms



The easier case is where the numerator
has swater degree than the denominator

In this case

K 1am Kcs O
s s

Nand
yes I

k i s bn
For each he L N

f
Cuebutuct

if Roc is to the

right of bu
s

bhzy.cn but ul t

if Roc is to
the left of bk

Then add the terms up

TExampley
yes

1
Refs lStr Stc

First partial fraction expansion

XCs Cst I
S L

XCs si 2 I
S 2



So
yes 2

Now look at the Roc

The Roc is to the right of
i both poles so

x

rect e
t Ct e Ztuct

Right sided

what if the ROC was Refs L 2

I The Roc is to the left of

i both poles SO

i Xct e toc t e 2tul t

Left sided

For the last case the Roc co Id be 22 Refs c I

i l The Roc is to the left of l
I I

and to the right of 2
1

soI 1

Xlt e tuf t e 2tuct
Two sided



Trone generally we can invent a Laplace
transform by integrating it over a vertical

line S Refs 3 0 that is contained

in the ROC

Tty
Xlt

2 f XCs est ds
o ja

Thus requires doing lone integrals in which

is a little too advanced for this class We

will generally stick to XCs made up
out of signals whose transforms we know

1 he rational X Cs

SomeusefullaplaceTransferI
Rational functions are great but there

is a whole exciting world of Laplace
transforms out there You can find many
Laplace transform tables on the internet

so the presentation here is not exhaustive

The impulse function Sct is a bit weird

so let's see what happens when we transform

it Icty e stat Settle s Odt L
X



what about the Roc This holds for all 5

so

It cL_ 1 all SEE

what about a delay Sct to

Sct to e stat e Sto for all
SEE

So

8 t t e
Sto for all se E

IntegvatorsanddafferentratorI
we already saw

oct I Re s 20

ul t L f Refs 20

We will show later that

Xlt htt X s Hls

This is super important

So if we interpret UCt as an integrator
Xlt u Ctl ft xcel de

The if we integrate multiple times

X t Uct u Ct ult

n times

the we l l B t h I Sh s 2



then we get In But what is this

n I ult

n _2 rct t ult

n 3 It Zuct
u 4 I t3uCt

t ult

so
n l

ult c In Refs O

ul t c fu Relsico
u i

These are integrators What about differentiation
Well

t

d th oct f
So it seems that to get X s s we need

d Sct s for all SE E

Extrapolating from here

d L
It 8 t s for all se E

hung the derivative of a delta function is

pretty weird but this is an instance where

explaining in detail might be too complicated



Not
Twe will write X s L Xlt for Laplace
transforms when it is more convenient to

do so

FIntegrators and differentiators are the bread
and butter of analog control using circuits

Together with a simple gain control systems
built with these systems are called

Proportional Integral Derivative

or PID controllers

Sinusoidgandcomplexexponentia
We've seen a few of these

e at uct Ia Ress a

e at ve t Re s L a

Taking integrals

ct e at uct star
Re Is a

th l
e
at
ve t Stan Ressler a

what about sines and cosines They are just
made up out of complex exponentials



cos Cwot wet E e J wot I e Jwot uc

L coscwot oft I o I
5

Refs OS2 f Wot

sun wot ult f EJwot I
e g
wot

2J

L sin wot ult 42J 12J
S jwo Stjwo

Wo
Refs 20

Sht Wo2

So L S
cos wot ult c the S3 O

52 t cool

L Wo
San Cwot uct shwo2 Refs o

E
TExamply what about e at cos wot Uct

Using Euler's relation

e
at

cos wot e
at I ejwot e

swot

So
Yz IzLl e atcoscuot t

s t x jwo s xtjwoT

Refs a
Sta 2 t cool

Ty the same process to e at sincwot ult



Ma
Laplace Transform Properties
Armed with some basic transforms we

can find the Laplace transform of lots of
signals To do this we need to understand

the nice properties Laplace transforms have

For all of these we will assume L act XG

with Roc R or for multiple signals
L x Ct X s L acct XzCs

with Roc R with Roc Rz etc

Linearity

ax t t bxzCt a X G tbXzCs
Roc contains R n R2

we saw this one before

Timeshift
ace to e Sto XCs

with Roc R
Try To show this plug Xct to into the definition

and do a change of variables
Ma.ir

s DomaihShift eSotxctkL XCs So
So of So 70 then ROC Rt Re So
we shift the Roc to
the night by So shift by So



we can recover the example from above
win this property To show it plug into
the definition

Timescale.cat XCE
Roc aR

So if tale 1 then we are stretching XCt
out to get xcat The Roc shrinks by a

factor of a too
i t il I i l

i t i l
I I l
i f I i

t't
l l

li i
l l
l i l i
l l l

r Rz Gr arz

Example for a _42
If Lal 1 then we are squishing act

and the Roc expands by a factor of a

i i
l l I

i l i ll I i
l I i f

it
I 1

I I
l l lI i l il i l
r Rz Gr arz

Example for a _2



Conjugation e L X St Roc R
t i

note s 2 X are
Thus has a very conjugated
useful implication if xlt is real then

x Ct x t

XCs X Cs

so if XCs has a pole zero at 5 So then

it also has a pole Ize o at S So That

FS the poles and zeros appear in conjugal
pairs

Convolution

X Ct act I X s Xels
ROC contains R nR2

t

This is one of the most important results
on LTI systems

convolution in the time domain is

multiplication in the transform domain

P
e will see this fact in many forms one

for each transform in fact The whole reason

to study transforms is to male convolution



easier to understand

ftp.iffereuts
afcouintimeaxCtcL sXCs Roc contains R

We can show this by taking the derivative
of the inverse transform

otjx
Xlt f est XCs d

o j

FEY are fit sestxes ds
in

D.ffereutrat.ouiufeque.in

txCt7c Lddg XCs7RoC R

Use the sane touch to show tens using
the transform not the inverse Kansforn

Ph
may notice some parallels between

time 2 frequency transforms i s XCs and

t Xlt etc There is actually a nice theory
of duality for many of these transforms
but it is a bat out of scope for our class



FExample i What is the Laplace transform of
xCtI t e

at uct

Start with

e
at uct Sta Refs a

te duct asd sta
1
Sta 2

TFTry doing this one from the definition You

may need to do integration by parts
See of you can find a general form for

L the atuct
Main
Integration in time

y

Xcel de L sixes
Roc contains
R n Ress of

Remember the integrator is not stable

so the Roc cannot contain the imaginary
axis

Initialandf.ua ValueTheone

We can sometimes get more information
about the fine domain signal by looking
at the Laplace transforms



If x Ct O for ELO ie is causal
and has no 8 functions on other

singularities at t O then

initial
x Cot Iim value

Suzy
S XCs

theorem

approaching fromthe reght
If Xlt has a finite limit as 2

then

Iim xctl sli.no sus
thanL

t 2x theorem

These are handy when working with national

transforms


