



































































































































Notes4icoutinuous TinelTISyst

Objectives

Understand how the impulse response
for CT LTE systems generates
the output signal from the input signal

Calculate system outputs using the

convolution integral
Derive the 5 stages of the output signal
for time limited signals

use convolution properties to simplify
calculations






































































































































Conceptually CT systems don't duffer
that much from their DT counterparts
The mathematics is a bit dofferent sums

become integrals and so on

The big mathematical difference is that

we will have to really dug in on the

properties of CT delta functions Remember

that when integrated 8 t behaves as

if there was an area of 1 exactly at t O

A Ict 3

111

3

Mathematically
Nlt a

SLt to
to

t
to

fo for avg to
a

xlt 8ft to dt Xlto

why Sit to is 0 except at t.to

So xCtl Sect to D except at t to
xlt sit to x to sit to

Then plug in and use the S function property






































































































































This is the same sifting property from DT

xlw 8 u h xCn
h x

so we can write xlt as an integral of
scaled and shifted impulse functions

X only o for
XCE xce S t e de t t

x

As we did on the DT setting let's define
h t to be the system response to 8h

Def
Defy The impulse response of a CT LTI

system is the output of the system
with input xCt2 8 Lt

Main
If

Slt htt impulse response
then

x8lt duct

what about delay Use true invariance

a set e a hlt E

set x X R for example
Xcel 8 Ct T Xcel h Ct e

Note we are just using simple properties
here






































































































































Now we saw that any function XCE

can be written as an integral over 8 functions

x

exit nice 8Ct e de
x

so now we can cheat a bit this is actually

fine mathematically but differs from the

linearity we saw earlier

Xcel 81T e de

f xce hCt e de
a

This means that the output yet of a

system with impulse response hct to

an input xlt is

xce Lct e de

et

µeorem_
convolutron theorem for CT LTI Systems

The output of a CT LTI system with

impulse response htt to an input
signal Lct is

yet Xcel htt e de






































































































































Not
The integral

Xcel net e de

is called the convolution of xlt and Lct

and is denoted by x h t The

CT convolution is also symmetric

LX 4k Xcel Kt c e1xlt e de

h x t

Try to prove that CT convolution is

symmetric You can mimic the same argument
from DT

The book goes into a more formal Irrgorous
approach to the sifting property of 8 function
and analyzing an approximation of the CT

convolution in terms of IT This is

def inely worth reading iff when you get
confused about 8 functions and how they
work But for the first time around its

easier to just integrate on both sides and






































































































































treat the integral like it is a sour That is

basically what the approximation argument shows

So for DT and CT LTI systems the

output signal is the convolution of the

input signal with the impulse response
Looking at the integral

yet xce htt el de

we can see the same interpretation yet is

the integral sum of scaled and shifted

impulse responses

We can give a similar visual interpretation
to the h x version

no

ylt Hle X t e de
a texla a XC e

A

re

n
httor
xct e

Xlt goes into the filler
starting from time t 0

corresponding to a flip
and then a shift i s
forward as the signal goes t 1.5
5h






































































































































ET
Exampley

h z u t

X t e at t a 0

Now we can compute with h T x t
or x e Uct e

which is better It depends on what kind

of integral rs less confusing Let's do

both

But first XCt7 0 for too and
he E O for TEO

This means
yet O for Ego why

so we just need to find yet for t o i

a

git hle x t e de

f e
alt

old u t e de
Plugging in the

signals
t
e
alt e

de vie O for Teo
and

O t e 0 for Tat

at eate at
t

o

La at e
at

ta l e
at






































































































































Putting it together

yet
O too

I e
at t o

Ia Ci e
at uct

what about the other way
no

ylt7 xce hit e de

1 e
at
ule alt e de

same argumentt
e

at de as above

e
ae t

I so

ta l e at

often one integral is a little easier less
confusing than the other You have to build

up your intuition to see which one will be

better
See Example 2.6 for some pictures






































































































































Example two boxcars Xlt I ltle T

Nlt 0 It T

htt 1 LELE 2T

t
T T 0 It l s 2T

a wet Let's try h x you can

t
try 4 h on your own

2T T x

yet f htt Xlt E

First hole Xle x C T

So alt e is x le t

n Xf2T 2 a XC3Tx T
1 I

43T T T 2T 4T

i for tf 3T xlt T does not overlap
hle so yet O

2 for 3T L t f T there is a partial overlap

hle
at

Ttt
I

T tt
yet ft ta de 3T t

2T

3 for T L t E T there is total overlap
T t t

ylt f 1 de 2T
T t






































































































































4 for T L t I 3T we get a similar

overlap
2T

y 41 5 Idt 3T t

Ttt

s for t 73T there is again no overlap
so yet 1 0

Algebraically
O t f 3T

guy
3T t 3Ts te t

2T t c t s T

3T t T f t 3T

O t 33T

Graphically

I
35 T t 3T

why does this male sense The system h

acts 1 he a windowed integrator it

chops off a 4T length chunk of the import

signal and the convolution integrates that

part






































































































































in

Suppose i Xlt o for the I n and

t Trax

2 Uct D for to Ruin and

2 Runax

Then we can go through the same exercise

that we did for DT signals

D 17
t

t
t Rmax Tum Tmax

t Ramin

so for t hmm Twin yet O

or T G R int Twin y It O

2
1 71I

t
tr

t Rmax Tum Tmax

E Ruin
For t Rina Twin t Ruin

we have
t R m

yet f xcz htt c de

Thin






































































































































3
l
t

t
Tinin Tmax
t Rmax t Ruin

For E Remax 2 Twin
t 12mm Truax

or Rmax Twin t Ruin Tmax
we have

t Ruin
yltl I xce htt c

t thorax

4
1 71I

t
t

Tum f Tmax J
t Rmax t Ruin

For t R ex Twa L t Run
or Run.ir t Tina I t L Rmax Trax

Trax
ylt f e htt c

t Rwax






































































































































5

1 11
En

a
Tum Tmax t Rmax t R in

For t R ax 3 T wax

or t 3 Ruan t Tmax

y t O

EX
Example xlt

coos zafot Ottie

h t t Oct Mlfo

Assume MLK
Remember always draw a picture

x Ht

µ
t
fo fo

a

htt
fur grape r at

all confusing stop fo
and male s ve you r uunderstand






































































































































Now that we have a picture of the two

functions we can do the integral
x

ylt cos Lafoe uct e u t e MH de
TX

Twin O Tina Klfo
Rm O Remax Yfo
We can use the general formula
1 s y t o for the O and t KI

fo
2 t R in

yuk xce htt 2 de

Turin
t

cos Zafo T d T
O

t
sin Lafoe

Zafo
2 0

L sin 2 fo t
2Ifo

3 for R au t Tu L to Rw t Tmax
t 12mm

yet I xce wet e de
t R ax

t
cos Zafar deSt Mlfo






































































































































sin 21T foe
t

t Mf
Sin 2 ITfo t Sin 2 Ifo t Hfo

integer
multiple f Sin Zafot Sin 21T fot 2AM
of
Z

2 sin Czafot Sin 21T fot

O

4 for Rum Tuan E t Rnaxt Trax
Trax

glt I xle Lct e de

t Rwax

Klfo

J cos 2T foe de
t MI fo

KI fo
gosin 2T fo T

t Mffo

2 2 t fo s.ir 2afoLt M1foJ

2Tfo smC2i sin Leto t 2am

2 s n 2T fo t






































































































































Putting it all together
O to O

ya Info suckfot
nf If

f sin Zafot kg z t s KI
fo

O t z KI
fo

Pts before try getting the general form for

the 5 regrous to consider for the case where

htt is longer than xlt

Phil
e douct use the terms FIR IIIR for
CT systems but instead time limited is

used for the case where htt I 0 for

Ruin 2 t LR ax only Later on we will see

that being time limited has implications for
the frequency content of a signal or system
This turns out to be related to an

uncertaintiple like the famous Heisenberg

Uncertainty Principle from physics






































































































































YAS with DT convolution CT convolution is co mutative

associative and distributes over addition

Commutative

htt
htt 4 1 4 x h7H7

h x t

Associative
XH7 yetyh.lt h Yht y lx h hzCt7

x h ha tyet
h hz t

Distributive

4h.lt x h t Cx hint
Xlt

j x hither t

t
Xlt
f

gct
h hztµ

These properties plus time invariance can simplify
the analysis of CT systems just 1.4 they can for
DT systems

Ex modified from Example 2.8
2TLet Xlt e ul 4 E

htt ult 3

what is yet x h t






































































































































First draw a picture with X and L as

a
Xlt e 8

functions of

E this is

because we we

Convolution
C

4 integral the

h t T n z integration is
l

over

Ill

e
E 3

We can use time invariance to shaft

these back to O

gCt Xlt hct

yCtt3 Xlt hCtt3 time invariance

hctt3 XCE commutativity

g It l b Cts 3 Xlt 4 time invariance

t e2t ve t
a a E

e8ekutzy
I lt

R E

Define 2 Ct e 8e2tuC t g t _UCE






































































































































So now do this convolution 2 g
8 2

g ft 1 e ul el ult e de

8 2T y 8 2 E

je e de Te e for too

f
qq.ge y e g go

Now shift back this is g t l so we advance by

g t
Ee Seat te

1 to getyet

I 8 to I
z e

The previous problem illustrates how to use

commutativity a d true invariance to shift the

impulse response 15.3 1 to an easier to manipulate
form

Commutative X h t h x t

Proof Change of variables
a S t z
Xfc htt a de c E S

de ds
X 2 goes from X

re tox

J Xlt s n s ds
s goes from I

x

f hist xlt s Is






































































































































Associative x h ha t x h ha Lt

x h s I e hfs 2 de
x

x h hz t

xcel h s e de he t s ds

x e h Cs El halt s dads

xle h Cs e halt s ds de

Xu µ his e halt s ds de

T r s E t s t e9 r
dreds

x T h ha t e de

x h ha t

Distributive

Ex h thr t x 4 t t ha t

Xle wilt 2 that c de






































































































































Xie hilt E de t Ict halt

we can use these properties to simplify calculations by
reducing problems to simpler subproblems

Interpretingtheimpulserespoi
Much like the DT impulse response we can interpret
the impulse response in terms of what it does

For example 8ft to makes a copy of alt

starting at time to

xlt set to xCt to

This is also a delay by to

Extending this

xlt set to t 28 t t

x Ct to t 2xCt t

copy of delayed by to

2 copy of delayed by t

Extending even more
a

hot I get th
h x

x

Cx 4 t I xft the
ki x

Doing some examples can help






































































































































Example Oppenheim 2 willshy 28.12

yet e tuct set 3k

A he x

This system makes copies of It starting
at integer multiples of 3
Draw a picture httxlt7 a a

t.tt IA
So the output is the sum of copies of e tact

starting at integer multiples of 3
The output at time t depends on past copies
Use LTE system properties to simplify
Maybe try distributive property

x

ya 2 e tutti Sect 3h
he x Tdelayby

3kI elt 3h oft 3hL
ke p

Do the calculation
o if

a
git I e

Ct 34 f zu
t 3k

orhe x
Yt h 7
7 E 3h soL e

Ih x






































































































































y t is he so of all
of these past copies of
Xlf

I l
9 To 3 3 6 i's t

Elt

ylt e Ct 3h

ke p

Elt
3h

e t L e
he x

x

e
t I e

3h

h LYt

e t el
3l e

The problem in the book asks to show ylt
is of the form Aett for 0 Etc 3 In that

range of t e t e 0 1 so

yetis
1 t

A

ttl 0kt 1Except Suppose xlt
z t 1 12
O elsewhere

and wet S tt2 281 1






































































































































To find yet x Ct Lct

Draw a picture
X t

htt
21

to n.nlI 11
It

I 2 Z l

Use convolution properties
x h t Xct 8Ctt2

2 act 8 ttl

t 3 2 te l
xct Settle xCtt2 t i too

0 otherwise

Ztt 4 let 0

Xlt 28Ltte 2 xltti 2 2T Ost I I

0 otherwise

t 3 2 Et E l
it

I i io sa
0 otherwise

t
I

3 z t o t






































































































































A more substantive example
In communication system bits of information
O's and 1 s are encoded into CT waveforus
for transmission A simplified model looks 1 he
thus

b O xct yet 5 0
Tx f or

ort ptransmitter receiver 1
nlt
noise

Typically we think of a bit as beingencoded
into a pulse of duration T For example

1 antipodal signaling 3 0 xCt A cos tuft
be 1 xlt7 AcosC2Tfot

2 orthogonal signaling bro at A sin Zafot

b L xLt7 Acosczafut

The receiver gets a noisy version of the

signal yet

yet X Ct net

and has to determine if 6 0 or b I was

sent based on yet
The way this is done is through what

is called a matched filter






































































































































This is a filter matched to one of the

pulses The output yet is filtered and

then the receiver looks at The output at
time T For now let's focus on the

case where there is no noise

Suppose xct

t
t

H
then he watched filter is het x T t

why do we call htt a

Afurs matched

HtIf we look T

at a t At
the flipped and slid version of xlt lines

up perfectly with htt

XCt e X T E

at H
e z

t Tta atnote
re axis

so what about our examples
Suppose T Klfo for some integer K
Then each sinusoid has an integer He of cycles
since their periods are Yfo
























yet Acoscafot htt CosGtfo T t

A o A

A A
n

In algebra cos 2 Ifo T t
cos Zafot 2 fot
cos Za K Zafot
cos C Zafot
cos 2 fot cos is every

xlt Asi na Asim Za fo T t

a.fi i

t
A A

In algebra Sar Za fo CT t
sin 25 fo T Zafot
san 2A K 2 Efot
Sen C Zafot
sin 2 Ffot sin is odd

Lef's focus on antipodal signaling The

receiver is doing this

yet 2 t
h

at.moeottEIphCt1YAcogsC2Tfot7oEtZTotherwiseReueuber.y

t act tuct



So there are two components at the

output of h

2 Ct x h t t n h t
m

signal noose

we are sampling the output at time t T

2 T hle y CT e de

hle x t e de

hle n T e de

Thle xli el de

t Th e n T e de

Focusing on the signal part if h t is the

matched filter for xce then h E act e

T

f XCT e alt e dz

fo'TxcT ey de

T

fo 1 1231 de

Ex tie energyz of xlt



For our antipodal signaling example suppose
we use a filter watched to A cos Czafot

h Ct Acos Zitfo T t

A cos Crafot

If b 1 then

x t A cos Crafot
so the signal component at the receiver

xs
x e LCT a de

A 2 cos 2 Lafoe de
O

Notfwe are going to use trig identities a lot in the

rest of the class Good things to remember

cos 20 cosh G sin

III ger
2 cos o 1

warning I 2 sent0

cos 0 it cos 20

sin 20 2 surf cos 0

sum and difference identities may also be useful
So

Arcos 2afo E de
Klfo

integer I Ah t Akos 4T fo e de
of

cycles Iz A AZT



If b 0 was sent then

xce hi e de

IT A2cos2 2 afoe de

AZT

So the signal part tone t T at the

output of the matched filter is

IA'T if b 1 was sent

AZT if 5 0 was sent

what about the noise well that is a little

beyond the scope of this class but the

end effect is that

2 T
AZT noise b p

ALT noise 6 0

so to decide between L or 5 0 the

receiver just checks the sign of 2CT
5 1

This is a
2 T 0 shorthand

for
5 0 I l of ICT 20

0 if ECT L0

The energy in the noose determines the

signal to crosse ratoo SNR which



is an extremely important quantity
for Communication DSP machine learning
applications

what about the orthogonal signaling what

if brio was sent so

Asenf2afot O ET
at o otherwise

If we use the hct matched to cosc2efotl

1 4 UCT t de
T

f A sin Lafoe cosczafoe de
0

K fointeger 1 sin 4T fo T deof 2
cycles

Klfo
j cos 4efoT

o

0

Phil
t The reason this is called an equal signalingmath

scheme is because we can think of signals as

vectors and a dot product between xct and

a
yeti is f xct yet dt

So in this way of thinking Sin 2 I fot and



cos 2A fot have dot product to which

means they are at right angles to each

other i e orthogonal

so for the orthogonal scheme

A T b

O t noise b 0

So it would seem 1 he a good rule might be

5 I 2 CT 2 4 A T

O 2 T L ALT
but it turns out we can do better to find
out how take ECE 322

consider the following decoder for the orthogonal
scheme sample t T

y

act

sample t T

Thsch Zee
we analyzed the upper branch What is the

lower branch ZsCT when b O or 1 is sent



Ve previous example can give some insight
into how signal 2 system ana lysis can help
us understand engineering design by revealing
tradeoffs We have several parameters

A gain of the pulse
if AT the Ex T so short

more reliable decoding

higher power consumption
Large A also can be expensive
in hardware big heat sinks
nonlinearities etc

T duration of the pulse
if T T then Ex T Short mangle

but then we take more time

to send 1 bit lower rate

T Kffo if KT then more cycles
but for fixed T fo would increase

oscillators can be expensive
not all fos are equally good

we can lower fo and K but will still

suffer from harmonics other effects
from switching



That is sending 0110 urght
look late

V.V Switching can
be hard due

to issues with
the speed of capacitors

discharging etc

So what system analysis does is let us

figure out what the key parameters are here

A and T in terms of performance decoding
errors rate to let us determine the cost

benefit tradeoffs amplifiers oscillators analog

to digotal converters etc are expensive


