



































































































































Discrete TimetourierTransfori

Objectives

Understand the DT FT and compute the

trans form for simple signals

Use the DT FT properties to express the

DTFT of more complex signals in terms

of simpler ones

Understand how periodic signals are

represented in the DTFT

Use the convolution property to find
the output of an LTE system

Use the multiplication property and

periodic convolution to write the DTFT

of products of DT signals
Explain how aliasing arrses in using the

multiplication property






































































































































ffillugoutthepict
The story so far on the course is

l l l
Deviodic General

Continuous CTES CTFT
A

Discrete DTFS

withso we want to fall in the last box

a new transform unsurprisingly called the

DTFT Thos will let us understand how to

represent DT signals in terms of their frequency

components

For the transforms we saw before

transform time to

CTFT general signals continuous function
etc swans

CTFS periodic signals discrete function
of t s T a ka

DTFS periodic signal 2 periodic function
Of n N l 0 ER EN 1

The Discrete time Fourre Transform DTFT

wraps a general DT time domain signal XCu
into a periodic continuous function Xler
with period 21T






































































































































fthe notation Xler is used instead of X Jw

or X w to distinguish it as a DTFT This is

fairly confusing notation however It's best to

think of it as Xlw

et
Me The Discrete Time Fourier Transform DT ft of

a discrete time signal xCu is defined by the

following analysis synthesis pair
a

analysis Xler Cu e
J

ne a

synthesis X u T
Xceiw en du

µ DTFT is different than the CTFT because in the

frequency domain the DTFT is periodic with period 25

To see this look at the analysis equation
x

X ej 0 27 e
j wt 2T n

us

Xin e Jon e j 2am
he x

x

I Cu e J since e 52 1
he 0 for integer in

This shows the DTFT is periodic

Phil fone way to think about why the DTIT is periodic
is to think about DT signals as Sampled verisous of






































































































































CT signals
w Xccuts

where the sampling interval Ts tells us Loo often we

are taking a sample Measuring the frequencycontent

of Cu is like measuring the frequency content

of act indirectly because the DT signal
depends on the sampling frequency fs Hts So

in a sense a frequency W for XCu7 rs measured

relative to a frequency in Xelt

Exaine XI a Vcu tall 1

Then a
Xler a of e Jw

n

g
L air

h o

1 Geometric series
1 ae in

going back
Ti gCu3 et kdw
Ti

f II a e J do

IS a e 004 4 do

u less u k
IT

a f e Jack b
do

Tl

a f






































































































































O

Exacple Cu S Cu

z i 0 L 2
x

Xceio xue Jun e 500 1
we a

we typically only
graph one period
of the DT FT F IT

Example Xle
ol

Os loll I x
me lol at

q
Ti

17Tl
Cn Xle ei aw remember Xce

a is perrodre on
period 21Ta

f es du
is

z Fei I

2 Fei's jute i

I
In sin du

perhaps you are getting a sine ing feeling
go
so

aill lotIt a
Ui

f d f 1it
Ha

i

Twith the DTFT we have to worry about

convergence issues That is
a

xCu e i u

we no






































































































































It turns out there are at least two conditions
which each guarantee convergence

1 Absolute summability
Karl La

ne a

2 Square summability finite energy

Ixcusl ex
u no

we can use these to show the DTFT doesn exist not

that it does not exist

Ex
Exampled Cu vcu is neither absolutely

nor square scrunable Does of have a DT FT

Now that Cu is square summable but

not absolutely summable

wat about the inverse transform

1 Keio eiartat
This integral is over a finite period of length 2T
so we don't have any rss es compare this to

the DTFS where only sum over 1 period

DTFTsforperiodicss.gr
Looking at the analysis equations for the DTFT

and DTFS they look similar






































































































































N

law Cu e J ok DTFS
n

Xlet Cu e Jw DTFT
u

If u7 is periodic water period N what happens

to Xler

Already we are on trouble periodic signals
have infinite energy we had an issue Irie this

a th periodic signals for the CTFT if xlt

was periodic F acct had some S functions

The same thing happens with the DTFS
no

Iwo I 2T 8 w w 2hL
le a

is is something special about the DTFT complex

exponentials transform into impose trains Since

Xle Jw is periodic we can't have just one

S function they repeat every 21T

fin pictures axle
yen ej 14

Az za nu
11 11 11

11112
3T 25 II I TYy IT 2T 91 31T

4 4

To see why this is true the inverse transform






































































































































is easier since it involves only an integral over

21T
no

Ku I 2aS w wo 2iTl ej du
le ne

2 eJ 2
g w wo Zal dw

T et 8 w wo dw if troll it

EJ won

from this we immediately have son and cost
no

cos won IT SCw wo Zel
era x

Tl 81W two Zel
e x

axleing
oxen cos Itu

a na a ne
1111 1111 1111M

3T 91 2h II I I TYy it 71 2191 31T
4 4 4 4

sucwon III 21 IEgcw wo zae

aXCeiwjXCu7 sinCyIu
AT A'Tlj A

9 ily 7
di

3T 1 25 II Ti My Tr 12h91 31T
4 4v v vTy Ty Mj






































































































































what if xCu is peroodic with perood N

and has DTIS

ach I 2 xcise two
n 0

Go from the synthesis equation
N I

x fu ach ed 0 2

u o

Xle acne 1,2 8 w ooh 2hL

This has 8 functions at every multiple of
2

Klein I 2 acm 8 w 25

so from the DTIS we can get the DTFT

Ex a ple suppose
x 7 8Cu mn

in x

so this has impulses at multiples of N
N I

ache Is any e jh 251N n

neo

t since Cu 0 for n L 2 N I
N

x
Thos Xceiw 2

I 8 w 27
me

in

This last example shows an important property
the DTFT of a periodic impulse train in time






































































































































is a periodic impulse train in frequency

DTFTProperfies
The DT IT has many of the same properties as
the other transforms we have seen

Linearity If a xCu tbyCu axles tb Ylem

Tiweaudfreq.tt
F xcu no e 50 Xcer

off eiwon es Cw wo

Timereversal n of En X e J

If XC is even xCu7 fn so

Xler X e Jw is even

If xCu is odd X u XC n so

Xler X e Jw is odd

conjugation Conjugate symmetryµ reversed

off Eu X e Iw conjugation

so if X w is real XL X u so

XCe5w X e Iw conjugate
symmetric

If Cu is real and even

Xcer a X ein is real and even

If xCn is imaginary XCn X Cu so

Xle Jw x e Iw conjugate
antisymmetric






































































































































If x fu is real and odd

ein x edu is imaginary
and odd

we have for real xcu
of

Xevench c Re Xceiw

Kodak j Imf Xce

Fy proving these properties yourself using the

definitions and similar arguments as those in the

CTFT TFS DTFS

f Firstdience Fha Ku 17
This is easy using linearity and time shift

F x Cu ya i I e Jw Ce

Now what about an accumulator

you TL xan
me

we have an issue since this looks not

summable stable as a system we can

get around this with a S function

Yle L
l e Jw

Klein
x

IT XCe5 Shrine
Dc I e x es
valve impulsetrain to make

things periodic






































































































































E
FBefore we had some issue with XCn3 u u7

it was neither summable nor square summable

we can use our knowledge of systems to help

U u is the output of an accumulator

with input 8Cu
o I

ga sa
µ2

n

uh Ie sais O neo

m no I n 7 0

So u

xcu g cu
me

Xle w Gce tTGCe o

281W Zal
e x

w I t IT 8 w Zel
e x

UpsamplingandDouusampling
DT signals can't be squished and stretched

in trine lik CT signals Two core operations
in DSP are upsampling and downsampling

yCh3 x yer x Cnn
ITF or O 4
upsampling downsampling






































































































































These are easy to visualize

a a
o 12 ob 0C of n o11
o i 2 J 4 5 O l 2

3 t
a

b c f
o e o

000090

For up sampling

ych
X if Kurod NEO

0 otherwise

For downsampling

yen x bn

Mat happens when you downsample Iucn

by a factor of 2 A factor of 3 A

general factor of l

Downsampling destIys information in the

signal so in general we cannot say as

much about the DTFT of a downsampled
signal yet For copsampling however

y u X Ces N






































































































































That is if XCn is upsampled by a

factor of N then the spectrum is squished

by a factor of N

Ex
Example Cu uh 3 u Cut 4

o o o o o o a box between 3 and 3
1 we might suspect this FT's3 z t o s 2 3

into a sine but a sine is
not periodic

3
Klein kung e Jw

we 3

I 2 cos w t Zeus 2W t 2 cos 3W

s
e Jun

w 3
6

jw 3 1
e L e 5 trying to get a

n O geometric series

6
jw 3e e Iw

we o

y
another

ejw3 l e J
7 jug

trick

e J julze

e Jw
3 42 jw 3 42

e J
12

e Jwt






































































































































sin 712 w

sin 42 w

Main
This is the discrete analogue of the sine

function Since the DTFT is periodic we

need this function to be periodic See the

text Ex 5.3 for a picture In general

xCu7 f N
xcejwy

s.ir lNtt

0 otherwise sin kw

Move this general formula using the tricks

used in the example for N 3

E
FExamplet xCu

took2 4 6 8 10 12

Find Xceiw

we can manipulate Cu into a form that

we recognize
u yen za

z

Then o o o o

111112Cu µ
3 z t o s 2 3






































































































































we need to find 2 em and reverse these

operations
2Cu ya

dej cu7

The thing to be careful about is if these

steps are reversible In particular we need

the reverse system to recover our original
x Cn

This works in this case but if we had

XCu as this signal

I 2 4 G 8 io iz
0

Then the down sampler would make it such

that 2Cm would lose the values at 1 and

5 so the reverse system would not recover

XCu3

We already know

2 em Sin 712 w

n7 zCu 3 yer e 53W sin Ew
5

Cu upsampled xceiw e i sancta
yCu7
by 2 Saucer






































































































































Phil
psampling slows a signal down and so makes

all the frequencies lower by a multiplicative factor

This is different than a frequency shift
which moves frequencies by an additive factor

ftp.ffereutratcouinfrequeu
If we look at adz et we get

0

adz xce Excuse J n

u x

L xCu3 off e Jun
n

j Ku ne Jun

u no

j Ff nxas

Thus

I n xo a j ceJ

Parsevalbrelation

IIIx l IT xceiwsfdw

total energy average power
in xan in XCeJw
time domain frequency domain
















































































































To see a nice example of how to use these

properties see Example 5.10 in the book

ConvolutionaudMultiplication
And now for our most important fact in the course

Convolution Multiplication
in time in frequency

o
ya x h u Ken XCeJ IHCer

Multiplication t Periodic convolution
in frequencyin time

ya au na y ejy µ e w

really Yew z CXOH w

Example Suppose we have an LTI filter

he sin In4

what rs the output of this foster to the

following inputs
a xCn a vcu fall 1 a real

b x I Sin En t cos Ign
c x Cu sin'T

h



we have the following DJFT for ha

Hleiw
ol

Os lol Luo

woe 101 LIT puce's

17 ft IT
2T I II 21T

4
So this is a lo pass filter wrth cutoff TYy
Since the system output rs d h u we just
need to calculate the product of the transforms

Ia Xce
l ae 5W

He Keio HCejw
jw 142 4

0 otherwise

Fly
ya z f 1 Jun

l ae Jw
e du

Tty

eILf.I4 e iw3eeiwndw

F.eEf.I aeeiwcn.edu
x

al jure e incur e 174
In The

Tily
z f a Idw

Fly



no

IT a t al
g e

e
0 4 Cues

e o j ne
e n e

x

IT a t Ee 2 al sin Eichel
e n
e

b Klein IT 8 w E 2cal
le x x

Tl 8 w GI 2hL
le

The first son are 8 functions at

3 ZI 5 9

cutoff is at III so none survive

The second sun are 8 functions at
7 If 9

18 is inside the cutoff all
survive

Yar cos Ign
c Xce is a lowpass filter with height

Tl and cutoff
faced

IT 17 IT
2T I YI 21T

4
So the filter survives Y em X em



and
ya Sin n

n

FFor multiplication we have that

Cu ha ein to their2T

but so far we have only defined periodic convolutions
for discrete signals But for continuous functions it works

similarly
Kei 7 0 Hlen Neill Hled dy

217
we can take it This looks like a

the integral over
any interval of length regular convolutron2T since both Xlein
and Hceiw are periodic except we restrict
with period 2T

the integral to be over

any interval of length 2T This convolution is

not so hard just move integrals

Exampled Let's take the product of two LPFs

yen sin 3 n Sin In
IT n

xan he
Keio a Hlei

i i
1

i t

e 0 1
31 IL II4

The way to do this is to convolve one period
of each and then make copies period 25



and then add them back up
Convolve one copy of each dont forgetthe

itI 1121T µ
3 31 TI IL4

Doing this graphically
12

this is why

I II II being comfortable
4 with convolution

Note thus extends beyond
Ti Ti rs important

Make copies every 21T

a
Ya

xxxx1
31T 21T I If 317 51 21T II 13

4 44 4

Note that because convolving one copy gives
something that extends beyond Ti Ti the

periodic repetition overlaps
I

l 42 I

t.euI 4 I
111,111

31T 21T II It If 317151 21T II 13
4 i 44 4

IT 1T

This overlap between copies is called aliasing



It's a major issue in DSP

5µg a couple of periodic convolutions for yourself

Start with LPFs like those above Suppose
x Cu LPF with cutoff x

42cm LPF with cutoff p
Find a condition on 2 p such that there

is my aliasing in yen X Cu XzCu

FDualityzrelationshiptoothertransfori
As with the CTFT we have some similarities

in going from t w and w t

rt
xCn no e J no Xceiw

sed Cu XCeola oo

similarly if we know a transform pair sometimes

an analogous pair holds in reverse

DTFTandDTFSJ
If x Cu is periodic with period N then

it has a DTFS acts for oo 2

N 1

ach I xcuze I Kwon

n O



But now ach is a periodic discrete sequence

so it has a DTF

Aleiw ach e Jw

ke

N l x
L I 2T u S W noo l

to 1 0

This puts a train of S functions at frequencies

21 for all n with u 21

So the DT FT of the DTFS of x u makes

a copy of the DT periodic signal xCu into

the Zit periodic signal A em

DTFTandC The DTFT looks a bit lik a

reverse version of a CTFS

CTFI DTI
x

xlt acne x n2 f xce eJwIw
he no I

ach fftxctie ihwotdt.FI eyes
he so

what if we look at yen XC u Then

ya f Hei Je Ju dw

which is the CTFS of X em



FExampley suppose 2 em cos w

Zlet what is zaid

µ we know that CTES of

2 r cos r

is 2 C n

so the CTFS of cos r 12 e J I e Jr

is 1 o o t Ff cosh
2 2

by direct inspection
I o i n

Letting ya I s Cuti I scum
be this signal we see that

2 Eu ya
or

2 u ye n I scutt I sent
Not much changed

How about 2 edu sin w

Then yCu IT 8 htt for 8cm i

za IT scuti Tj 8cm I


